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ABSTRACT 

 

VASCONCELOS, T. D. L. Acoustoelastic response in rebars of reinforced concrete 

structures. 2025. Thesis (Doctor Science in Civil Engineering (Structural Engineering)) - São 

Carlos School of Engineering, University of São Paulo, São Carlos, 2025. 

 

The monitoring of reinforced concrete structures is essential to ensure that the normative 

lifetime is reached, which can be achieved through both destructive and non-destructive 

methods. Non-destructive testing is an effective solution, as it can be applied without causing 

damage to the structure while providing a wealth of data in a short period. Among the non-

destructive methods, ultrasound testing stands out, providing information through the analysis 

of wave profiles and velocities. One of the most recent research lines with ultrasound is the 

study of acoustoelasticity in concrete structures, related to the correlation of wave velocity 

variation with stress state variation in the structure, where most of the research is focused on 

plain concrete structures. Due to the inherent heterogeneity of concrete, results often exhibit 

significant variability. In this context, the reinforcement can be considered homogeneous when 

compared to concrete and may provide more consistent data through ultrasound waves, 

potentially reducing result variability. There are no studies about acoustoelasticity with guided 

waves in rebars of reinforced concrete structures. Therefore, the present work aims to evaluate 

the acoustoelastic effect in reinforced concrete structures with the application of the transducers 

directly on the rebars. For this, ultrasonic indirect measurements were carried out during 

mechanical tests on reinforced concrete prisms, in which access to the reinforcement was 

ensured during casting. In addition to experiments in isolated rebars under tension, compression 

and bending tests in prisms were conducted. Different bar diameters, from 8 to 20 mm, were 

used, and a central frequency of 250 kHz was chosen. Finally, the wave interferometry method 

was applied to obtain the velocity variation. Thus, in isolated bars under tension, the relative 

velocity variation was negative, and there was a linear behavior in most of them. In 

compression, a tendency was observed in the prisms with 8 and 10 mm rebars, whose trendline 

had an initial non-linear part. In prisms under bending, a tendency was observed among the 

negative curves, whose trendline was entirely non-linear. Therefore, the waves captured on the 

rebar surface of reinforced concrete presented a good sensitivity to acoustoelastic effect. 

Keywords: Ultrasound. Acoustoelasticity. Reinforced concrete. Guided wave.   



 

 

  



 

 

RESUMO 

 
VASCONCELOS, T. D. L. Resposta acustoelástica em barras de estruturas de concreto 

armado. 2025. Tese (Doutorado em Ciências - Engenharia Civil (Engenharia de Estruturas)) 

– Escola de Engenharia de São Carlos, Universidade de São Paulo, São Carlos, 2025. 

 

O monitoramento de estruturas de concreto armado é essencial para garantir que a vida útil de 

projeto seja atingida, o que pode ser alcançado por meio de métodos destrutivos e não 

destrutivos. Os não destrutivos são uma solução eficaz, pois podem ser aplicados sem causar 

danos à estrutura, ao mesmo tempo em que fornecem uma grande quantidade de dados em um 

curto período. Dentre os métodos não destrutivos, o ultrassom se destaca, fornecendo 

informações por meio da análise dos perfis de onda e das velocidades. Uma das linhas de 

pesquisa mais recentes com ultrassom é o estudo da acoustoelasticidade em estruturas de 

concreto, relacionando a variação da velocidade de ondas com a variação da tensão na estrutura, 

porém a maior parte das pesquisas está focada em estruturas de concreto simples. Devido à 

heterogeneidade inerente ao concreto, os resultados frequentemente apresentam variabilidade 

significativa. Nesse contexto, a armadura pode ser considerada homogênea quando comparada 

ao concreto e pode fornecer dados mais consistentes por meio do ultrassom, potencialmente 

reduzindo a variabilidade dos resultados. Não existe estudo sobre acustoelasticidade com ondas 

guiadas em barras de estruturas de concreto armado. Portanto, o presente trabalho tem como 

objetivo avaliar o efeito acustoelástico em estruturas de concreto armado com a aplicação de 

transdutores diretamente nas barras. Para isso, são realizadas medições ultrassônicas indiretas 

durante testes mecânicos em prismas de concreto armado, nos quais o acesso à armadura é 

garantido durante a concretagem. Além de ensaios de tração em barras isoladas, são realizados 

ensaios de compressão e flexão em prismas. Foram utilizados diferentes diâmetros de barras, 

de 8 a 20 mm, e escolhida uma frequência central de 250 kHz. Finalmente, o método de 

interferometria de ondas é aplicado para obter a variação da velocidade. Portanto, em barras 

isoladas sob tração, a variação relativa da velocidade é negativa, e há um comportamento linear 

na maior parte delas. Na compressão, uma tendência é observada nos prismas com armaduras 

de 8 e 10 mm, cuja linha de tendência apresenta uma parte inicial não linear. Nos prismas sob 

flexão, uma tendência é observada entre as curvas negativas, cujas linha de tendência é toda 

não linear. Portanto, as ondas capturadas na superfície das barras de estruturas de concreto 

armado apresentaram boa sensibilidade ao efeito acustoelástico. 
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1 INTRODUCTION 

To ensure the durability of structures, it is necessary to monitor the elements from 

the design phase to in-service use. As the quality in reinforced concrete structure 

production is provided by technological control, the quality of the finished structure is 

monitored through tests, which can be destructive or non-destructive. Destructive tests 

cause damage to the structure, which sometimes makes analysis unfeasible because, a 

priori, only its superficial conservation state is known. For this reason, non-destructive 

testing stands out, as it allows for the collection of much more data from the structure in 

a significantly shorter time and with minimal or no damage. Among the main non-

destructive tests is ultrasound testing, which provides information about specimens by 

analyzing wave velocities and the respective wave profiles. 

The use of ultrasound is well known in the evaluation of the mechanical 

characteristics of concrete, particularly for measuring the dynamic modulus of elasticity. 

However, a relatively underexplored research area is the study of acoustoelasticity, which 

examines the correlation between wave velocity and stress variation.  

Most studies in this area focus on plain concrete structures, but given the 

heterogeneity of concrete, the reinforcement may provide more consistent data through 

ultrasound waves, potentially reducing result variability.  

In reinforced concrete elements, in addition to bulk waves, guided waves are also 

produced along the rebars. However, there is no study on the assessment of the 

acoustoelastic effect using guided waves in reinforced concrete. In this context, the aim 

of this study is to evaluate the acoustoelastic effect on rebars of reinforced concrete 

elements. 

 

1.1 OBJECTIVES 

The general objective of the present work is to assess the acoustoelastic effect in 

rebars of reinforced concrete structures. 
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The specific objectives are: 

1. To analyze the acoustoelastic effect under both tension and compression; 

2. To compare the acoustoelastic effect in tension of isolated rebars and of 

those embedded in concrete; 

3. To assess the feasibility of obtaining acoustoelastic response with 

transducer application directly on rebars; 

4. To define reference acoustoelastic curves for isolated rebars under tension 

and for embedded rebars in tension and compression. 

 

1.2 JUSTIFICATION 

The knowledge of the stress level in a real structure is one of the concerns in health 

monitoring. Quantifying the stress in service may result in important information, which 

could be used to define a more precise structural maintenance and intervention. As the 

stress state is initially not known, this quantification must be done with minimal 

disturbance to the structure. In this context, ultrasound arises as a great non-destructive 

method, whose wave profiles and wave arrival times are used to evaluate changes in the 

stress state of the medium. This may enable the acquisition of stress data in any structure 

simply by applying the ultrasound test, whose results are obtained in a few seconds. In 

this context, due to the inherent heterogeneity of concrete, which might lead to high 

variability in responses, it is necessary to evaluate the use of reinforcement for assessing 

the structure’s acoustoelastic effect. Therefore, the initial hypothesis is that the 

surrounding concrete would not influence the acoustoelastic effect in the rebar. Finally, 

in addition to bulk waves, guided waves are also generated in reinforced concrete 

elements, and there is no study on the evaluation of the acoustoelastic effect using guided 

waves in reinforced concrete. 
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1.3 THESIS OUTLINE 

Chapter 1 consists of an introduction and the objectives and justification of the 

present study. 

Chapter 2 presents the theory of the general wave propagation, the specific theory 

of bulk waves, including its acoustoelasticity application, and an explanation about the 

wave interferometry, which is the method used in the present study to compare signals. 

Chapter 3 discusses the theory of guided waves, including the acoustoelasticity 

formulas of lamb waves. Moreover, the guided wave propagation in reinforced concrete 

is presented. 

Chapter 4 details the systematic review applied in this study. 

Chapter 5 describes the experimental program. 

Chapter 6 presents a preliminary analysis of the types of waves on the wave 

profiles obtained. 

Chapter 7 discusses the results of acoustoelasticity in isolated rebars and in prisms 

under compression and tension. 

Chapter 8 presents the conclusion of the present study. 
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2 THEORETICAL BACKGROUND 

This chapter discusses the main theories relevant to the present study, with a 

particular focus on bulk waves, the most common waves. When these waves reach thin 

specimens, compared to their wavelength, guided waves are generated, as is the case in 

rebars of reinforced concrete. Thus, the properties of bulk waves determine those of the 

resulting guided waves. As the theory of guided waves is more complex than that of bulk 

waves, it is discussed separately in Chapter 3. 

 

2.1 THEORY OF WAVE PROPAGATION 

Mechanical waves are disturbances in a medium that transmit kinetic energy 

through the movement of its material points. These waves can be classified by the 

frequency f, measured in Hertz (Hz), which represents the periodicity at which the 

waveform repeats. Therefore, waves with a frequency below 20 Hz are classified as 

infrasound; with frequencies between 20 Hz and 20 kHz, are called sound, which are the 

only ones audible to humans; and waves with frequency greater than 20 kHz are called 

ultrasound. 

Figure 2.1 illustrates a simplified wave profile, where the amplitude A is the 

maximum displacement of the particles in one direction; the wavelength λ is the distance 

between two crests or between two troughs; and the period T (see Equation (2.1)), which 

corresponds to the time for traveling the distance λ. Based on these parameters, wave 

velocity V is obtained (see Equation (2.2)). 

 

Figure 2.1 - Simplified wave profile 

 

Source: adapted from Mehta and Monteiro (2008) 

Time Distance 

A
m

p
li

tu
d

e 

A
m

p
li

tu
d

e 



24 

 

 

𝑇 =  
1

𝑓
 (2.1) 

𝑉 =  𝑓λ (2.2) 

 

During propagation, the wave can reach the interface between two materials with 

different mechanical properties, what causes dispersion of part of the associated energy 

due to the difference between their acoustic impedances. Acoustic impedance is defined 

as the product of density and the corresponding wave velocity.  

The dispersion intensity depends on the relationship between wavelength and the 

size of the element that causes the dispersion. As waves are commonly referenced by their 

frequency, and because frequency is inversely proportional to wavelength, higher 

frequencies result in greater dispersion and energy loss along the path. According to 

Malhotra and Carino (2004), waves with a frequency of 20 kHz can travel up to 10 m 

before losing all energy. 

 

2.2 TYPES OF WAVES 

Waves propagate through strain over time; therefore, they can be classified based 

on the kind of strain generated. In this regard, there are 2 main types of mechanical waves, 

also called bulk waves: compression waves, also known as longitudinal or P waves, and 

shear waves, also known as transverse or S waves.  

Compression waves cause strain along the propagation direction, resulting in 

compressions and tensions along the path and volume changes. In contrast, shear waves 

cause distortions, deforming the medium in a direction perpendicular to the wave 

trajectory axis, called wave polarization direction, what only causes a change in medium’s 

shape (see Figure 2.2). 
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Figure 2.2 - Types of bulk waves 

 

 

Source: adapted from Mehta and Monteiro (2008) 

 

Longitudinal waves are faster and propagate in any medium while shear waves 

only propagate in solids. Longitudinal waves were initially studied by geophysicists, 

through observation of earthquake’s effects. They were named primary waves (P waves) 

because they are the first to arrive at the surface, whereas shear waves are called 

secondary waves or S waves.  

As an example, in concrete and steel, S waves have a velocity around 60% of that 

of P waves, according to Mehta and Monteiro (2008). Table 2.1 provides some reference 

velocities for P waves, 𝑉𝑃, and S waves, 𝑉𝑆. The reference velocities for concrete are not 

presented here, as they have great variability. 

 

 

 

 

 

Longitudinal Compressions 

Elongations 

Propagation direction 

Propagation direction 

Transverse 

Double amplitude 

Wavelength 



26 

 

Table 2.1 - Wave velocities in different materials 

Material 𝑽𝑷 (m/s) 𝑽𝑺 (m/s) 

Air 330 - 

Aluminum 6320 3130 

Copper 4700 2260 

Gold 3240 1200 

Steel 5900 3230 

Magnesium 5770 3050 

Silver 3600 1590 

Water 3600 - 

Source: adapted from Krautkramer and Krautkramer (1990) 

 

When bulk waves reach an interface, other types of waves may form, such as 

Rayleigh waves. These occur when bulk waves interact with a surface, and the specimen 

can be considered a semi-infinite medium. In this case, the particles exhibit an elliptical 

motion, with maximum amplitude at the surface and decreasing amplitude with depth (see 

Figure 2.3). 

 
Figure 2.3 - Depiction of Rayleigh wave motion 

 
Source: Jones (2010) 

 

On the other hand, when bulk waves reach a finite medium and their wavelength 

is comparable to or larger than the medium's thickness, a type of wave called guided wave 

forms. The energy keeps trapped between the boundaries of the specimen, whose entire 

body moves harmonically with the guided wave propagation (see Figure 2.4). For plate-

like specimens, the wave is specifically called Lamb wave. 
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Figure 2.4 - Depiction of guided wave motion 

 
 

Source: Philibert et al. (2022) 

 

This phenomenon takes place in rebars of reinforced concrete structures, the focus 

of the present work. Therefore, the wave profiles captured in the prisms of this study have 

contribution of bulk waves, guided waves and their respective reflections. As guided 

waves have a more complex theory and will be handled in Chapter 3, the following theory 

is related to bulk waves, whose characteristics define the other waves. 

 

2.3 BULK WAVE VELOCITY 

The governing formulations for wave velocity in a medium are presented in this 

section. It is considered a homogeneous and isotropic medium without stress. 

As it is a dynamic problem, it is governed by the equations of motion continuity, 

shown in Equations (2.3), (2.4) and (2.5). 

𝜕𝜎𝑥𝑥

𝜕𝑥
+

𝜕𝜎𝑦𝑥

𝜕𝑦
+

𝜕𝜎𝑧𝑥

𝜕𝑧
+ 𝑓𝑥 = 𝜌𝑢̈ (2.3) 

𝜕𝜎𝑥𝑦

𝜕𝑥
+

𝜕𝜎𝑦𝑦

𝜕𝑦
+

𝜕𝜎𝑧𝑦

𝜕𝑧
+ 𝑓𝑦 = 𝜌𝑣̈ (2.4) 

𝜕𝜎𝑥𝑧

𝜕𝑥
+

𝜕𝜎𝑦𝑧

𝜕𝑦
+

𝜕𝜎𝑧𝑧

𝜕𝑧
+ 𝑓𝑧 = 𝜌𝑤̈ (2.5) 

where 𝜎𝑥𝑥, 𝜎𝑦𝑦 and 𝜎𝑧𝑧 are the normal stress components in the planes 𝑦𝑧, 𝑥𝑧 and 𝑥𝑦, 

respectively; 𝜎𝑦𝑥, 𝜎𝑧𝑥 and 𝜎𝑧𝑦 are the shear stress components in the planes 𝑥𝑧 in direction 
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of 𝑥 axis, 𝑦𝑥 in direction of 𝑥 axis and 𝑦𝑥 in direction of 𝑦, respectively; 𝑓𝑥 is the external 

force in direction of 𝑥 axis; 𝜌 is the specific density of the medium; and 𝑢, 𝑣 and 𝑤 are 

the displacements components in the directions of 𝑥, 𝑦 and 𝑧, respectively. 

To simplify the deduction, the above equations can be simplified in index notation 

by Equation (2.6). 

𝜎𝑖𝑗,𝑖 + 𝑓𝑖 = 𝜌𝑢̈𝑖 (2.6) 

From the Theory of Elasticity, the stress tensor for an isotropic medium is given 

by Equation (2.7). 

𝜎𝑖𝑗 = 2𝜇𝜀𝑖𝑗 + 𝜆𝜀𝑘𝑘𝛿𝑖𝑗. (2.7) 

𝛿𝑖𝑗 is the delta of Kronecker, 𝜀𝑖𝑗 is the tensor of engineering strain, while 𝜇, shear 

modulus, and λ are the Lamé constants, given by Equations (2.8), (2.9) and (2.10), 

respectively. 

𝜀𝑖𝑗 =  
1

2
(

𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
) (2.8) 

𝜆 =
𝜈𝐸

(1 + 𝜈)(1 − 2𝜈)
 (2.9) 

𝜇 =
𝐸

2(1 + 𝜈)
 

(2.10) 

where 𝐸 is the longitudinal modulus of elasticity and 𝜈 is the Poisson’s ratio. 

Substituting Equation (2.8) into Equation (2.7), Equation (2.11) is obtained. 

𝜎𝑖𝑗 = 𝜇 (
𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
) + 𝜆

𝜕𝑢𝑘

𝜕𝑥𝑘
𝛿𝑖𝑗. (2.11) 
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Replacing Equation (2.11) in the motion equation, Equation (2.6), and considering 

that there are no external forces on the element, 𝑓𝑖  = 0, it results in Equation (2.12). 

𝜇 (
𝜕2𝑢𝑖

𝜕𝑥𝑗𝜕𝑥𝑖
+

𝜕2𝑢𝑗

𝜕𝑥𝑖𝜕𝑥𝑖
) + 𝜆

𝜕2𝑢𝑘

𝜕𝑥𝑘𝜕𝑥𝑖
𝛿𝑖𝑗 =  𝜌

𝜕2𝑢𝑖

𝜕𝑡2
 (2.12) 

As 
𝜕2𝑢𝑖

𝜕𝑥𝑗𝜕𝑥𝑖
=

𝜕2𝑢𝑘

𝜕𝑥𝑘𝜕𝑥𝑖
, Equation (2.12) turns into Equation (2.13). 

𝜇 (
𝜕2𝑢𝑗

𝜕𝑥𝑖𝜕𝑥𝑖
) + (𝜆 + 𝜇)

𝜕2𝑢𝑘

𝜕𝑥𝑘𝜕𝑥𝑖
𝛿𝑖𝑗 =  𝜌

𝜕2𝑢𝑖

𝜕𝑡2
 (2.13) 

For the case of transverse waves, as there is no volume variation, 
𝜕𝑢𝑘

𝜕𝑥𝑘
= 0. 

Applying this in Equation (2.13), it results in (𝜆 + 𝜇)
𝜕2𝑢𝑘

𝜕𝑥𝑘𝜕𝑥𝑖
𝛿𝑖𝑗 = 0, and finally in 

Equation (2.14). 

𝜇 (
𝜕2𝑢𝑗

𝜕𝑥𝑖𝜕𝑥𝑖
) =  𝜌

𝜕2𝑢𝑖

𝜕𝑡2
 (2.14) 

If it is considered x axis as the propagation direction, 𝑢2 = 𝑢3 = 0. Thus, 

Equation (2.14) becomes Equation (2.15), which represents the governing equation of 

transverse wave propagation. 

𝜇

𝜌
(

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
) =  

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑡2
 (2.15) 

For the case of longitudinal waves, the deduction also starts from Equation (2.13). 

As there is no rotation in the medium of propagation, the Equation (2.16) is considered. 

𝜕𝑢𝑖

𝜕𝑥𝑗
=  

𝜕𝑢𝑗

𝜕𝑥𝑖
 (2.16) 

Deriving the above equation by the first term again, it results in Equation (2.17). 
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𝜕2𝑢𝑖

𝜕𝑥𝑗
2 =  

𝜕2𝑢𝑗

𝜕𝑥𝑗𝜕𝑥𝑖
 (2.17) 

Regarding 
𝜕2𝑢𝑗

𝜕𝑥𝑖𝜕𝑥𝑖
=

𝜕2𝑢𝑖

𝜕𝑥𝑗
2  in Equation (2.13) and using the equation above, the 

Equation (2.18) is achieved. 

𝜇 (
𝜕2𝑢𝑖

𝜕𝑥𝑗
2 ) + (𝜆 + 𝜇)

𝜕2𝑢𝑖

𝜕𝑥𝑗
2 𝛿𝑖𝑗 =  𝜌

𝜕2𝑢𝑖

𝜕𝑡2
 (2.18) 

In this case, always 𝛿𝑖𝑗 = 1. Arranging Equation (2.18), Equation (2.19) is 

obtained. 

(𝜆 + 2𝜇)
𝜕2𝑢𝑖

𝜕𝑥𝑗
2 =  𝜌

𝜕2𝑢𝑖

𝜕𝑡2
 (2.19) 

If it is considered x axis as the propagation direction, 𝑢2 = 𝑢3 = 0. Thus, 

Equation (2.20) is obtained, which governs the longitudinal wave propagation. 

(𝜆 + 2𝜇)

𝜌
(

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
) =  

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑡2
 (2.20) 

Any function 𝑓(𝑥 ± 𝑐𝑡) is a solution to the wave equations, where c represents the 

wave velocity. Deriving 𝑓 twice in terms of 𝑥, it is possible to obtain the Equation (2.21). 

𝜕2𝑓(𝑥 ± 𝑐𝑡)

𝜕𝑥2
=

𝜕

𝜕𝑥
(

𝜕𝑓(𝑢)

𝜕𝑢

𝜕𝑢

𝜕𝑥
) (2.21) 

As 
𝜕𝑢

𝜕𝑥
= 1, it is achieved the Equation (2.22). 

𝜕2𝑓(𝑥 ± 𝑐𝑡)

𝜕𝑥2
=

𝜕

𝜕𝑥
(

𝜕𝑓(𝑢)

𝜕𝑢
) =

𝜕2𝑓(𝑢)

𝜕𝑢2
 (2.22) 
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Analogously, it is obtained 
𝜕2𝑓(𝑥±𝑐𝑡)

𝜕𝑡2
, shown in the Equation (2.23). 

𝜕2𝑓(𝑥 ± 𝑐𝑡)

𝜕𝑡2
=

𝜕

𝜕𝑡
(

𝜕𝑓(𝑢)

𝜕𝑢

𝜕𝑢

𝜕𝑡
) =

𝜕

𝜕𝑡
(

𝜕𝑓(𝑢)

𝜕𝑢
𝑐) (2.23) 

As the wave propagates with constant velocity over time, the Equation (2.24) is 

obtained. 

𝜕

𝜕𝑡
(

𝜕𝑓(𝑢)

𝜕𝑢
𝑐) = 𝑐 (

𝜕2𝑓(𝑢)

𝜕𝑢2

𝜕𝑢

𝜕𝑡
) = 𝑐 (

𝜕2𝑓(𝑢)

𝜕𝑢2
𝑐) = 𝑐2

𝜕2𝑓(𝑢)

𝜕𝑢2
 (2.24) 

Thus, the Equations (2.25) and (2.26) can be utilized. 

𝜕2𝑓(𝑥 ± 𝑐𝑡)

𝜕𝑥2
=

𝜕2𝑓(𝑢)

𝜕𝑢2
=

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
 (2.25) 

𝜕2𝑓(𝑥 ± 𝑐𝑡)

𝜕𝑡2
= 𝑐2

𝜕2𝑓(𝑢)

𝜕𝑢2
=

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑡2
 

(2.26) 

By Equation (2.25), 
𝜕2𝑓(𝑢)

𝜕𝑢2
=

𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2
. Substituting this into Equation (2.26), it 

results in the Equation (2.27). 

𝑐2
𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
=

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑡2
 (2.27) 

Therefore, the transverse and longitudinal wave propagation velocities are 

calculated by the Equations (2.28) and (2.29), respectively. 

𝑐𝑆 = √
𝜇

𝜌
 (2.28) 
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𝑐𝑃 = √
(𝜆 + 2𝜇)

𝜌
 

 

(2.29) 

 

2.4 ACOUSTOELASTICITY THEORY 

The theory of acoustoelasticity was first proposed by Hughes and Kelly (1953), 

whose research demonstrated the possibility of correlating the ultrasonic wave 

propagation velocity with the stress level in an elastic and isotropic medium. To evaluate 

the effect of acoustoelasticity, the theory of linear dynamic elasticity proves to be 

insufficient, making it necessary to incorporate non-linear elements into the linear 

constitutive equation of the material, Equation (2.30), as follows:  

• The Green strain 𝜂𝑖𝑗 (Equation (2.31)) is used instead of the engineering 

strain 𝜀𝑖𝑗 (Equation (2.8)) in the strain specific energy of material 

(Equation (2.32)), in which the third order term is considered. 

Therefore, the constitutive equation is calculated by Equation (2.33), where 𝑆𝑖𝑗 is 

the second tensor of Piola-Kirchoff. 

𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙 (2.30) 

𝜂𝑖𝑗 =
1

2
(

𝜕𝑢𝑖

𝜕𝑥𝑗
0 +

𝜕𝑢𝑗

𝜕𝑥𝑖
0 +

𝜕𝑢𝑘

𝜕𝑥𝑖
0

𝜕𝑢𝑘

𝜕𝑥𝑗
0) (2.31) 

𝛹(𝜂𝑖𝑗) = 𝛹0 + 𝐶𝑖𝑗𝜂𝑖𝑗 +
1

2!
𝐶𝑖𝑗𝑘𝑙𝜂𝑖𝑗𝜂𝑘𝑙 +

1

3!
𝐶𝑖𝑗𝑘𝑙𝑚𝑛𝜂𝑖𝑗𝜂𝑘𝑙𝜂𝑚𝑛 (2.32) 

𝑆𝑖𝑗 =
𝜕𝛹

𝜕𝜂𝑖𝑗
= 𝐶𝑖𝑗𝑘𝑙𝜂𝑘𝑙 + 𝐶𝑖𝑗𝑘𝑙𝑚𝑛𝜂𝑘𝑙𝜂𝑚𝑛 (2.33) 

where 𝑖, 𝑗, 𝑘, 𝑙, 𝑚, 𝑛 = 1,2,3; 𝐶𝑖𝑗𝑘𝑙 are the components of the fourth-order stiffness tensor 

of material properties; 𝐶𝑖𝑗𝑘𝑙𝑚𝑛 is the stiffness tensor whose components are the elastic 
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constants of Murnaghan (1951), 𝑙, 𝑚 and 𝑛; and 𝑥𝑖
0 and 𝑥𝑗

0 are the coordinates in the initial 

configuration of the specimen. 

For the development of the acoustoelastic theory, Hughes and Kelly (1953) 

considered a medium with an initial finite stress, within ultrasonic waves are induced. For 

that, Lagrange coordinates and Murnaghan (1951) theory for finite strain were used. 

The stress state change makes the material particles to assume another 

configuration, with final coordinates denoted as 𝑥𝑖, obtained by Equation (2.34). 

𝑥𝑖 = 𝐴𝑖𝑥𝑖
0 + 𝑈𝑖(𝑥0) (2.34) 

Equation (2.34) represents a superposition of a general infinitesimal strain (𝑈𝑖) 

and a homogeneous triaxial finite strain (𝐴𝑖𝑥𝑖
0). The term 𝐴𝑖𝑥𝑖

0 is related to particle 

displacement due to the application of an initial finite stress, where 𝐴𝑖 was determined by 

Taylor series expansion truncated in first order. Keeping this stress constant and applying 

the ultrasonic wave, the specimen is submitted to the additional displacement 𝑈𝑖(𝑥0), 

which represents general functions of all 𝑥0. Thus, the final displacement of a particle is 

given by Equation (2.35). 

𝑢𝑖 = 𝑥𝑖 − 𝑥𝑖
0 = (𝐴𝑖𝑥𝑖

0 + 𝑈𝑖) − 𝑥𝑖
0 = (𝐴𝑖 − 1)𝑥𝑖

0 + 𝑈𝑖 (2.35) 

where 𝑈𝑖 ≪ (𝐴𝑖 − 1). 

Using Equation (2.35) in Equation (2.31), Equation (2.36) is obtained. 

𝜂𝑖𝑗 =
1

2
(

𝜕𝑢𝑖

𝜕𝑥𝑗
0 +

𝜕𝑢𝑗

𝜕𝑥𝑖
0 +

𝜕𝑢𝑘

𝜕𝑥𝑖
0

𝜕𝑢𝑘

𝜕𝑥𝑗
0) = 𝛼𝑖𝛿𝑖𝑗 + 𝐴𝑖𝐴𝑗𝜀𝑖𝑗 (2.36) 

where: 

𝛼𝑖 =
1

2
(𝐴𝑖

2 − 1) (2.37) 

and 
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𝜀𝑖𝑗 =
1

2
(

𝜕𝑈𝑖

𝜕𝑥𝑗
+

𝜕𝑈𝑗

𝜕𝑥𝑖
) (2.38) 

In the terms where 𝜀𝑖𝑗 = 0, the first and second power of 𝛼𝑖 are considered, 

otherwise only the first power is retained. So, the Equation (2.36) can be rewritten as 

Equation (2.39). 

𝜂𝑖𝑗 = 𝛼𝑖𝛿𝑖𝑗 + (1 + 𝛼𝑖 + 𝛼𝑗)𝜀𝑖𝑗 (2.39) 

As the present theory considers isotropic body, the strain energy depends only on 

the strain invariants, given by Equations (2.40) – (2.42). 

𝐼1 = 𝜂𝑖𝑖 (2.40) 

𝐼2 =
1

2
(𝜂𝑖𝑖𝜂𝑗𝑗 − 𝜂𝑖𝑗𝜂𝑗𝑖) (2.41) 

𝐼3 =
1

6
𝜖𝑖𝑗𝑘𝜖𝑙𝑚𝑛𝜂𝑖𝑙𝜂𝑗𝑚𝜂𝑘𝑛 (2.42) 

where 𝜖𝑖𝑗𝑘 is the Levi-Civita symbol. 

The strain energy can be written in terms of these invariants in Equation (2.43). 

𝛹 =
1

2
(𝜆 + 2𝜇)𝐼1

2 − 2𝜇𝐼2 +  
1

3
(𝑙 + 2𝑚)𝐼1

3 − 2𝑚𝐼1𝐼2 + 𝑛𝐼3 (2.43) 

If Equation (2.43) is differentiated with respect to 𝜂𝑖𝑗, it results in Equation (2.44), 

which corresponds to the Piola Kirchoff tensor. 

𝑆𝑖𝑗 =
𝜕𝛹

𝜕𝜂𝑖𝑗
= 𝐴 + (𝐵 + 𝐶)

𝜕𝑈𝑘

𝜕𝑥𝑙
 (2.44) 

where: 



35 

 

𝐴 = 𝜃𝛿𝑖𝑗(𝜆 + 𝜃(𝑙 − 𝑚) + 2𝑚𝛼𝑗) + 𝛿𝑖𝑗 (2𝜇𝛼𝑗 + 𝑚 ∑ 𝛼𝑘
2

𝑘

)

+
1

2
𝑛 ∑ 𝜖𝑖𝑘𝑙𝜖𝑗𝑘𝑙

𝑘𝑙

𝛼𝑘𝛼𝑙 

(2.45) 

𝐵 = 𝛿𝑘𝑙𝛿𝑖𝑗(𝜆 + 2𝜃(𝑙 − 𝑚) + 2𝑚𝛼𝑗)

+ 2𝛿𝑖𝑗 (𝜆 ∑ 𝛼𝑚

𝑚

𝛿𝑚𝑘𝛿𝑚𝑙 + 𝑚 ∑ 𝛼𝑚

𝑚

𝛿𝑚𝑘𝛿𝑚𝑙) 
(2.46) 

𝐶 =
1

2
𝑛 ∑(𝜖𝑗𝑝𝑘𝜖𝑖𝑝𝑙 + 𝜖𝑗𝑝𝑙𝜖𝑖𝑝𝑘)

𝑝

𝛼𝑝

+ (𝛿𝑘𝑗𝛿𝑙𝑖 + 𝛿𝑘𝑖𝛿𝑙𝑗)(𝜇(1 + 𝛼𝑖 + 𝛼𝑗) + 𝑚𝜃) 

(2.47) 

where: 

𝜃 = 𝛼1 + 𝛼2 + 𝛼3 (2.48) 

In the strain energy, Equation (2.43), the terms with order from 4 was neglected. 

For the second Piola Kirchorff tensor, the terms that 𝜀𝑖𝑗 has order over 1, the terms of 𝜀𝑖𝑗 

whose 𝛼𝑖 presents order over 1 and the independent terms of 𝜀𝑖𝑗 whose 𝛼𝑖 has order over 

2 were neglected. 

From the second Piola Kirchorff tensor, the Cauchy tensor is calculated, as shown 

in Equation (2.49). 

𝜎𝑖𝑗 =
𝐹𝑖𝑘𝑆𝑘𝑙𝐹𝑙𝑗

𝐽
 (2.49) 

where 𝐹 is the gradient of the configuration change function; and 𝐽 is the Jacobian of the 

change, given by 𝐽 = 𝜌0 𝜌⁄ = det(𝐹), where 𝜌0 and 𝜌 are the densities in the initial and 

final configuration, respectively, given by Equation (2.50). 
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𝜌 = 𝜌0 (1 + 2𝐼1 + 4𝐼2 + 8𝐼3)⁄   (2.50) 

Substituting Equation (2.44) in Equation (2.49), it results in Equation (2.51). 

𝜎𝑖𝑗 =
𝜕𝛹

𝜕𝜎𝑖𝑗
= 𝐷 + (𝐸 + 𝐹)

𝜕𝑈𝑘

𝜕𝑥𝑙
 (2.51) 

where: 

𝐷 = 𝜃𝛿𝑖𝑗 (𝜆 + 𝜃(𝑙 − 𝑚 − 𝜆) + 2𝛼𝑗(𝑚 + 𝜆 − 𝜇))

+ 𝛿𝑖𝑗 (2𝜇𝛼𝑗 + 4𝜇𝛼𝑗
2 + 𝑚 ∑ 𝛼𝑘

2

𝑘

) +
1

2
𝑛 ∑ 𝜖𝑖𝑘𝑙𝜖𝑗𝑘𝑙

𝑘𝑙

𝛼𝑘𝛼𝑙 
(2.52) 

𝐸 = 𝛿𝑘𝑙𝛿𝑖𝑗 (𝜆 + 2𝜃(𝑙 − 𝑚 − 𝜆) + 2𝛼𝑗(𝑚 + 𝜆 − 𝜇))

+ 2𝛿𝑖𝑗 (𝜆 ∑ 𝛼𝑚

𝑚

𝛿𝑚𝑘𝛿𝑚𝑙 + 𝑚 ∑ 𝛼𝑚

𝑚

𝛿𝑚𝑘𝛿𝑚𝑙) 
(2.53) 

𝐹 =
1

2
𝑛 ∑(𝜖𝑗𝑝𝑘𝜖𝑖𝑝𝑙 + 𝜖𝑗𝑝𝑙𝜖𝑖𝑝𝑘)

𝑝

𝛼𝑝

+ (𝛿𝑘𝑗𝛿𝑙𝑖 + 𝛿𝑘𝑖𝛿𝑙𝑗) (2𝜇(𝛼𝑖 + 𝛼𝑗 + 𝛼𝑙) + 𝜇

+ 𝜃(𝑚 + 𝜆 − 𝜇)) 

(2.54) 

Equation (2.51) can be rewritten as Equation (2.55). 

𝜎𝑖𝑗 = 𝜎𝑖𝑗
0 + 𝐶𝑖𝑗𝑘𝑙

𝜕𝑈𝑘

𝜕𝑥𝑙
 (2.55) 

where 𝜎𝑖𝑗
0  is the initial stress state, given by 𝜎𝑖𝑗

0 = 𝐷, and 𝐶𝑖𝑗𝑘𝑙
𝜕𝑈𝑘

𝜕𝑥𝑙
 is the increment of 

stress due to wave propagation, given by 𝐶𝑖𝑗𝑘𝑙 = 𝐸 + 𝐹. In the case of medium initially 

unstrained, 𝛼 = 0, 𝜎𝑖𝑗
0 = 0 and 𝐶𝑖𝑗𝑘𝑙 becomes function only of the second order constants, 

𝜇 and 𝜆. 
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The motion equation becomes Equation (2.56), where no external forces on the 

element are considered. 

𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
= 𝜌

𝜕2𝑈𝑖

𝜕𝑡2
 (2.56) 

As 𝑈𝑖 represents wave displacement and considering Equation (2.55), both terms 

of Equation (2.56) can be rewritten as Equations (2.57) and (2.58). 

𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
= 𝐶𝑖𝑗𝑘𝑙

𝜕2𝑈𝑘

𝜕𝑥𝑗𝜕𝑥𝑙
 (2.57) 

𝜌
𝜕2𝑈𝑖

𝜕𝑡2
= 𝜌𝑐2 (2.58) 

where 𝑐 is the wave velocity in the direction of wave propagation. 

Substituting the Equations (2.57) and (2.58) in Equation (2.56), the motion 

equation becomes Equation (2.59). 

𝐶𝑖𝑗𝑘𝑙

𝜕2𝑈𝑘

𝜕𝑥𝑗𝜕𝑥𝑙
− 𝜌𝑐2𝛿𝑗𝑘 = 0 (2.59) 

In other words: 

det (𝐶𝑖𝑗𝑘𝑙

𝜕2𝑈𝑘

𝜕𝑥𝑗𝜕𝑥𝑙
− 𝜌𝑐2𝛿𝑗𝑘) = 0. (2.60) 

There are 3 solutions for Equation (2.60), one results in longitudinal bulk wave 

velocity and two result in transverse bulk wave velocities, which one polarized in one 

direction. The Equations (2.61) – (2.63) presents the generalized solutions for wave 

propagation in each one of the three main directions of a strained solid. 

𝜌0𝑐𝑖𝑖
2 = 𝜆 + 2𝜇 + (2𝑙 + 𝜆)𝜃 + (4𝑚 + 4𝜆 + 10𝜇)𝛼𝑖 (2.61) 
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𝜌0𝑐𝑖𝑗
2 = 𝜇 + (𝑚 + 𝜆)𝜃 + 4𝜇𝛼𝑖 + 2𝜇𝛼𝑗 −

1

2
𝑛𝛼𝑘 (2.62) 

𝜌0𝑐𝑖𝑘
2 = 𝜇 + (𝑚 + 𝜆)𝜃 + 4𝜇𝛼𝑖 + 2𝜇𝛼𝑘 −

1

2
𝑛𝛼𝑗 (2.63) 

In the equations above, 𝑐𝑖𝑗 are the velocities of waves propagating in direction i 

and with polarization direction j, where polarization refers to the wave vibration direction, 

with i and j referring to the main tension directions. Therefore, when i = j, there is a 

longitudinal wave, otherwise, it is a shear wave. Moreover, Hughes and Kelly (1953) 

considered sufficient the evaluation of 𝛼𝑖 through the linear theory, which results in 𝛼𝑖 =

𝜀𝑖, where 𝜀𝑖 are the main strains; and 𝜃 = 𝜀1 + 𝜀2 + 𝜀3. 

If an unstrained medium is considered, Equations (2.61) – (2.63) become 𝜌0𝑐𝑖𝑖
2 =

𝜆 + 2𝜇 = 𝐶11 and 𝜌0𝑐𝑖𝑗
2 = 𝜇 = 𝐶44, which represent wave propagation in an isotropic 

medium without stress. This case was detailed in Item 2.3. 

Considering the axes of main strains and those of main stresses coincident and the 

linear Hooke law, strains are substituted by elastic stresses and modulus. Besides, 

regarding a uniaxial stress 𝜎11 along axis 1 direction of a homogeneous and isotropic 

material, Equations (2.64) – (2.68) are obtained. 

𝜌0𝑐11
2 = 𝜆 + 2𝜇 −

𝜎11

3𝜆 + 2𝜇
[2𝑙 + 𝜆 +

𝜆 + 𝜇

𝜇
(4𝑚 + 4𝜆 + 10𝜇)] (2.64) 

𝜌0𝑐12
2 = 𝜌0𝑐13

2 = 𝜇 −
𝜎11

3𝜆 + 2𝜇
[𝑚 +

𝜆𝑛

4𝜇
+ 4𝜆 + 4𝜇] (2.65) 

𝜌0𝑐22
2 = 𝜌0𝑐33

2 = 𝜆 + 2𝜇 −
𝜎11

3𝜆 + 2𝜇
[2𝑙 −

2𝜆

𝜇
(𝑚 + 4𝜆 + 2𝜇)] (2.66) 

𝜌0𝑐21
2 = 𝜌0𝑐31

2 = 𝜇 −
𝜎11

3𝜆 + 2𝜇
[𝑚 +

𝜆𝑛

4𝜇
+ 𝜆 + 2𝜇] (2.67) 
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𝜌0𝑐23
2 = 𝜌0𝑐32

2 = 𝜇 −
𝜎11

3𝜆 + 2𝜇
[𝑚 −

𝜆 + 𝜇

2𝜇
𝑛 − 2𝜆] (2.68) 

According to Lillamand et al. (2010) and Ortega et al. (2011), the relationship 

between velocity and stress can be considered linear, what allowed to obtain Equation 

(2.69). 

𝑐𝑖𝑗
𝜎 − 𝑐𝑖𝑗

0

𝑐𝑖𝑗
0 =

∆𝑐𝑖𝑗

𝑐𝑖𝑗
0 = 𝐴𝑖𝑗𝜎11 (2.69) 

where 𝑐𝑖𝑗
𝜎  and 𝑐𝑖𝑗

0  are the velocities in the medium with and without stress, respectively, 

and 𝐴𝑖𝑗 is called acoustoelastic constant, which depends on the mechanical properties of 

the material and the type of wave that propagates. 

 

2.5 WAVE INTERFEROMETRY 

To evaluate the velocity shift between signals, one can use only the wavefront 

arrival time, as done by Kato et al. (1995). This time is simply obtained through the 

determination of wave arrival on its profile, which is often automatically provided by the 

ultrasound device. The times between two profiles are compared and the corresponding 

velocity shift is calculated. Despite the simplicity of this method, the velocity change with 

stress is very small, and the definition of the wave arrival time by the device is very 

sensitive, what hampers the use of this parameter for quantifying acoustoelastic effect. 

For this reason, it is not a usual method. 

To obtain this time variation, the literature indicates the analysis of a time window 

on the wave profiles, within which it is possible to perceive a translation and/or elongation 

between signals. To quantify this, the wave interferometry technique is used. 

This method is based on a cross-correlation between two ultrasound signals, 

unperturbed and perturbed. Within this method, there is the displacement technique, in 

which the disturbed signal is displaced on the time axis. Thus, similarity between it and 
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the undisturbed signal is given by the normalized cross-correlation value, CC, given by 

Equation (2.70). 

𝐶𝐶(∆𝑡) =
∫ 𝑢𝑛𝑝(𝑡)𝑢𝑝(𝑡 − ∆𝑡)𝑑𝑡

𝑡𝑐+𝑇

𝑡𝑐−𝑇

√∫ 𝑢𝑛𝑝
2 (𝑡)𝑑𝑡

𝑡𝑐+𝑇

𝑡𝑐−𝑇
∫ 𝑢𝑝

2(𝑡 − ∆𝑡)𝑑𝑡
𝑡𝑐+𝑇

𝑡𝑐−𝑇

 (2.70) 

A window of the undisturbed signal 𝑢𝑛𝑝 of size 2T and central time 𝑡𝑐 is shifted 

on the time axis for each variation ∆𝑡, resulting in a value of 𝐶𝐶(∆𝑡). The procedure is 

repeated until a maximum value of the function is reached, corresponding to ∆𝑡𝐶𝐶𝑚á𝑥, 

which is the time difference between the two analyzed signals. In this way, through 

Equation (2.71), the relative velocity variation between signals is obtained. 

∆𝑉

𝑉0
= −

∆𝑡𝐶𝐶𝑚á𝑥

𝑡𝑐
 (2.71) 

Within the cross-correlation method, there is also the elongation technique, 

wherein the undisturbed signal is stretched or compressed from 𝑢𝑛𝑝(𝑡) to 𝑢𝑛𝑝(𝑡(1 + 𝜏)), 

using a factor τ which is the velocity variation itself between both signals. The stretching 

technique procedure is similar to the displacement technique’s, whose cross-correlation 

function is given by Equation (2.72). 

𝐶𝐶(𝜏) =
∫ 𝑢𝑛𝑝(𝑡(1 + 𝜏))𝑢𝑝(𝑡)𝑑𝑡

𝑡𝑐+𝑇

𝑡𝑐−𝑇

√∫ 𝑢𝑛𝑝
2 (𝑡(1 + 𝜏))𝑑𝑡

𝑡𝑐+𝑇

𝑡𝑐−𝑇
∫ 𝑢𝑝

2(𝑡)𝑑𝑡
𝑡𝑐+𝑇

𝑡𝑐−𝑇

 (2.72) 

The main issue about the use of cross-correlation is about which window to 

consider on the profile. The parameters that define this window are its size and location. 

In this context, most researchers consider a window within the coda wave, such 

as Planès and Larose (2013) Grêt, Snieder and Scales (2006), Snieder et al. (2002) and 

Resende (2018). This choice results in the so-called technique of Coda Wave 

Interferometry (CWI). 
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According to Planès and Larose (2013), the term ‘Coda’ comes from geophysics, 

referring to the final part of a seismogram after an earthquake. The authors justify that 

this region can better reflect the variation in wave profile because the waves that arrive 

there have already undergone several reflections, being more sensitive to changes in the 

medium. 

The CWI method is widely used for assessing the acoustoelastic effect, such in 

the works of Xie et al. (2016) and Jiang et al. (2021). In this last study, for the cross-

correlation, the entire wave profile was used. The authors justified this choice by the 

difficulty in establishing the sizes and position of the time window analyzed.  

Despite CWI having good sensitivity to stress variation, there is no consensus on 

the window that should be considered as reference. Different analysis windows generate 

different results, as well as considering the entire coda wave results in practically zero 

variation. 

For this reason, Zhong, Zhu e Morcous (2021) proposed a method called Direct P 

Wave Interferometry (DPWI), whose analysis occurs in the direct P wave part of the 

signals. In this context, DPWI is a particular case of CWI, where the window considered 

begins at the longitudinal wave arrival and extends until shear wave arrival, which 

guarantees that the results are only related to longitudinal waves. 

In the present study, before the assessment of acoustoelastic effect, different time 

windows are analyzed along wave profile. Some locations are considered as reference: 

those whose beginning coincides with the wavefront arrival and those in Coda wave. For 

the first case, an analysis of the fastest wave is done, among bulk and guided waves. 

 

2.6 HIGHLIGHTS OF CHAPTER 2 

An abstract of the chapter is listed here: 

a) Two types of waves occur in reinforced concrete structures. The emitting 

transducer produces bulk waves. When these waves reach a finite medium 

and their wavelength is comparable to or larger than the medium's 
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thickness, guided waves are produced. This is what happens in rebars 

embedded in concrete; 

b) In isotropic homogeneous medium without stress, bulk wave velocities are 

calculated by Equations (2.28) and (2.29). The first is related to 

longitudinal bulk waves, the second, to transverse bulk waves. 

c) In isotropic homogeneous medium under stress, the acoustoelastic effect 

with bulk wave is quantified by Equations (2.64) – (2.68). 

d) The relationship between stress and velocity variation can be considered 

linear, as shown in Equation (2.69). 

e) To obtain the velocity shift between two signals, the wave interferometry 

technique is used, where portions of profile are compared. For this, some 

time windows are analyzed along wave profile, from the window 

beginning that coincides with wavefront arrival to a window on Coda 

wave. For the first case, an analysis is carried out to find which wave is 

the fastest, bulk or guided waves. 
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3 GUIDED WAVES IN REBARS 

Bulk waves propagate inside the bulk of solids, away from the interfaces and 

boundaries, which are discontinuities that cause reflection, refraction and mode 

transformation. In contrast, guided waves require boundaries and interfaces to exist; they 

travel along the surface of a material, the interface between two materials and through a 

thin specimen, confined between the solid contours. 

Among the guided waves, there are the surface and interface wave, which are 

generated by a specific angle of incidence of bulk waves for all frequencies (Sadler and 

Maev, 2007), whose value only depends on material. It makes these waves travel near the 

surface. Examples of interface waves include the shear horizontal zero order, also called 

dispersion free 𝑆𝐻0, and the subsurface longitudinal, also called creeping, skimming 

longitudinal and critically refracted longitudinal (Ortega et al, 2011). An example of a 

surface wave is the Rayleigh wave. 

Rayleigh waves propagate through elliptical particle movements perpendicular to 

the element’s surface. At the surface, the displacements intensity assumes the maximum 

value, whereas it decreases exponentially into the sample, considered as a half-space, and 

finally considered negligible around the wavelength. In finite-dimension elements, such 

as plates, Rayleigh waves remain confined between the boundaries and are known as 

Lamb waves. 

Theoretically, Rayleigh waves propagate only in half-space and Lamb waves 

propagate in thin plates. However, because it is difficult to consider a true half-space in 

practice, Rayleigh waves can exist in finite-dimension solids (Viktorov, 1967). Thus, 

when the specimen thickness is approximately the wavelength, Rayleigh waves transform 

into Lamb waves (Ortega et al., 2011; Edwards, 2002). 

Guided waves are widely used to analyze long elements with a single application, 

as they propagate over long distances through specimens that act as a guide. Because of 

that, these waves are mainly used to identify flaws, given their high sensitivity to defects. 

Due to these characteristics, guided waves are used to evaluate buried pipes (Matuszyk, 

2017; Tua, Quek and Wang, 2005; Ng et al., 2022; Duan et al., 2018; Yang, Polak and 

Cascante, 2010), steel bars in reinforced concrete, concerning to corrosion state 
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(Mustapha et al., 2014; Majhi et al. 2021; Lu et al., 2013; Li et al., 2021) and to debonding 

between concrete and bar (Aseem and Ng, 2021; Mahbaz, Cascante and Dusseault, 2021; 

Zima and Kędra, 2021; Na, Kundu and Ehsani, 2003; Garcia et al., 2017; Li et al., 2017; 

Ke et al., 2019). 

 

3.1 RAYLEIGH WAVE FORMULATION  

The first theory about wave propagation in multilayered media was published by 

Rayleigh (1885), who considered a free surface of a half-space. At a certain distance from 

the transmitter, it is possible to consider the wave movement as a two-dimensional strain. 

Thus, the displacements 𝑢, parallel to the propagation direction 𝑥, and 𝑤, parallel to 𝑧 

axis and perpendicular to 𝑥, are calculated by Equations (3.1) and (3.2). 

𝑢 = 𝐴(𝑟𝑒−𝑞𝑧 − 2𝑠𝑞𝑒−𝑠𝑧) cos 𝑘(𝑥 − 𝑐𝑡) (3.1) 

𝑤 = 𝐴𝑞(𝑟𝑒−𝑞𝑧 − 2𝑒−𝑠𝑧) sin 𝑘(𝑥 − 𝑐𝑡) (3.2) 

where 𝐴 is the amplitude, 𝑘 = 2𝜋 𝜆⁄  is the wavenumber, 𝜆 is the wavelength, 

𝑞 = √1 − (
𝑐

𝑐𝐿
)

2

, 𝑠 = √1 − (
𝑐

𝑐𝑇
)

2

, 𝑟 = 2 − (
𝑐

𝑐𝑇
)

2

. (3.3) 

Considering 𝜂 = 𝑐 𝑐𝑇⁄  and 𝜁 = 𝑐𝑇 𝑐𝐿⁄ , where 𝑐𝐿 is the longitudinal bulk wave 

velocity and 𝑐𝑇 is the transverse bulk wave velocity, it results in Equation (3.4), which is 

the characteristic equation of Rayleigh waves. 

𝜂6 − 8𝜂4 + 8𝜂2(3 − 2𝜁2) + 16(𝜁2 − 1) = 0 (3.4) 

Considering 



45 

 

𝜁 =
𝑐𝑇

𝑐𝐿
= √

1 − 2𝜈

2(1 − 𝜈)
, (3.5) 

there are three roots for 𝜂2 in function of 𝜈. As 𝜂, and consequently 𝑐, doesn’t depend on 

the frequency, the Rayleigh wave isn’t dispersive and its velocity, 𝑐𝑅, is the phase velocity 

𝑐. 

An approximated solution is presented by Viktorov (1967), as shown in Equation 

(3.6). 

𝜂 =
0.87 + 1.12𝜈

1 + 𝜈
 (3.6) 

Therefore, the Rayleigh wave velocity is given by Equation (3.7). 

𝑐𝑅 =
0.87 + 1.12𝜈

1 + 𝜈
√

𝐺

𝜌
 (3.7) 

As 𝜈 varies from 0 to 0.5, 𝑐𝑅 varies from 0.87𝑐𝑇 to 0.96𝑐𝑇. Besides, for 𝜈 = 0.2, 

typical value for concrete, 𝑐𝑅 = 0.91𝑐𝑇 and for 𝜈 = 0.3, typical value for steel, 𝑐𝑅 = 

0.93𝑐𝑇. 

 

3.2 LAMB WAVE THEORY 

In thin-plate specimens, where the thickness is around the bulk wave wavelength, 

when an ultrasonic pulse reaches the opposite side, it is created a confinement of a portion 

of the propagated energy, which reflects continuously at the mean borders and travels 

parallel to the boundaries. This phenomenon generates Lamb waves, also called Plate 

waves. 

Lamb waves are dispersive because they have different modes and velocities for 

each frequency/thickness combination, which differentiates them from other surface and 
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interface waves. These waves are divided into antisymmetric (A) and symmetric (S) 

modes, whose typical movements are shown in Figure 3.1. 

 
Figure 3.1 - Lamb wave motion 

 

Source: Marks et al. (2016) 

 

The symmetric mode, also called extensional mode, is often referred to as 

longitudinal mode and denoted as 𝐿(𝑛, 𝑚), where 𝑛 represents the Bessel function order 

considered, which is 0 for this mode, and 𝑚 is the wave mode order. Since 𝑚 and 𝑛 can 

assume infinite values, there are also infinite longitudinal modes (Zemanek, 1972). Thus, 

the first and lowest symmetric mode is designated as 𝐿(0, 1), as shown in Figure 3.2.  

 
Figure 3.2 - First Lamb wave modes in a rod 

 
Source: Lowe and Pavlakovic, 2013 

 

The longitudinal mode tends to a longitudinal bulk wave as the frequency 

approaches zero. Disregarding the Poisson effect in a rebar, the phase velocity at zero 
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frequency is the longitudinal bulk wave velocity, simplified as 𝑣 = √𝐸 𝜌⁄ . For the 

specific case of steel, 𝑣 ≅ 5200 m/s.  

Another symmetric mode is the Torsional, whose fundamental mode, 𝑇(0, 1), 

represents a uniform twisting of the bar and is not dispersive, with the same velocity as 

bulk shear waves. As it is non-dispersive and is not the fastest mode, this wave is not 

considered in this study. 

The antisymmetric mode is usually called Flexural mode, 𝐹(𝑛, 𝑚), and the first 

antisymmetric mode is designated as 𝐹(1, 1).  At zero frequency, it is similar to shear 

bulk wave shape, with pure bending. 

As the frequency increases, all modes tend to move like a Rayleigh wave and 

consequently to have its velocity. 

For sufficiently small frequency and thickness, only the zero order A0, also called 

𝐹(1, 1), and S0, also called 𝐿(0, 1), can exist. As these parameters increase, higher order 

modes appear, and the phase velocities of the lower order modes tend to the Rayleigh 

wave one. In addition, as thickness increases, it becomes more challenging to distinguish 

between Rayleigh and Lamb waves.  

In the cases of multilayered plates, due to the boundary conditions, which 

significantly influence their behavior, the analytical solution of Lamb waves becomes 

very difficult and sometimes impossible (Sadler and Maev, 2007). 

One method for producing Lamb waves is to apply a normal perturbation to the 

plate surface, even if it is immersed. Another way to excite the plate is by varying the 

wedge angle of ultrasound incidence, what allows to excite the plate in any possible 

modes on a selective basis and, because of that, it is widely use. 

 

3.3 LAMB WAVE FORMULATION 

Lamb (1917) added another interface to the media of Rayleigh’s problem and 

proposed a wave propagation formulation for flat solids with finite thickness and 

surrounded by vacuum. This work resulted in two characteristic equations, one for 
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symmetric modes and another for antisymmetric modes, whose roots yield the wave 

dispersion curves. 

The following equations are based on the notation of Worden (2001) and the 

geometry shown in Figure 3.3, where 2d is the plate thickness, x axis is the wave 

propagation direction and z axis is perpendicular to the surfaces. Furthermore, the 

analysis is simplified in assumption of plane strain, in xz plane. 

 
Figure 3.3 - Geometrical parameters of reference 

 

Source: Own elaboration 

 

Both solutions for Lamb waves consider the in-plane displacement 𝑢 also a 

function of 𝑧. In the first solution,  𝑢(𝑧) = 𝑢(−𝑧), what is related to the symmetric 

modes. In the second one, 𝑢(−𝑧) = −𝑢(𝑧), what refers to the antisymmetric modes. 

For symmetric modes, there are the Equations (3.8) and (3.9). 

𝑢 = (𝑖𝑘𝐴 cos(𝑝𝑧) + 𝑞𝐵 cos(𝑞𝑧))𝑒𝑖𝑘(𝑥−𝑐𝑡). (3.8) 

𝑤 = (−𝑝𝐴 sin(𝑝𝑧) − 𝑖𝑘𝐵 sin(𝑞𝑧))𝑒𝑖𝑘(𝑥−𝑐𝑡). (3.9) 

For antisymmetric modes, there are the Equations (3.10) and (3.11). 

𝑢 = (𝑖𝑘𝐶 sin(𝑝𝑧) − 𝑞𝐷 cos(𝑞𝑧))𝑒𝑖𝑘(𝑥−𝑐𝑡), (3.10) 

𝑤 = (𝑝𝐶 cos(𝑝𝑧) − 𝑖𝑘𝐷 cos(𝑞𝑧))𝑒𝑖𝑘(𝑥−𝑐𝑡) (3.11) 

where: 

2d 

x 

z 

y 2d 

x 

z 
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𝑝 =
𝜔

√𝑐𝐿
2 − 𝑐2

 , 𝑞 =
𝜔

√𝑐𝑇
2 − 𝑐2

 (3.12) 

and 𝐴, 𝐵, 𝐶 and 𝐷 are arbitrary constants. 

For specimens in vacuum, free-stress surfaces, 𝜎𝑥𝑧 = 𝜎𝑧𝑧 = 0 on 𝑧 = ±𝑑, the two 

characteristic equations only have nontrivial solutions. The Equation (3.13) corresponds 

to Symmetric modes and Equation (3.14) to antisymmetric modes. 

tan(𝑞𝑑)

tan(𝑝𝑑)
= −

4𝑘2𝑝𝑞

(𝑞2 − 𝑘2)2
. (3.13) 

tan(𝑝𝑑)

tan(𝑞𝑑)
= −

4𝑘2𝑝𝑞

(𝑞2 − 𝑘2)2
. 

(3.14) 

 
 

3.4 LAMB WAVE ACOUSTOELASTICITY 

The formulas developed here are based on the reference axes shown in Figure 3.4. 

Besides, three solid states are considered: unstrained, which is the natural frame without 

stress; strained, an initial reference frame with the application of the initial stress; and 

perturbed, during the wave propagation in the strained state. 

 
Figure 3.4 - Reference axes 

 
Source: Kubrusly, Braga and Weid (2016) 

 

In this section, an anisotropic stressed medium is considered. For this case, the 

motion equation is presented in Equation (3.15). 
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𝐴𝑖𝑗𝑘𝑙

𝜕2𝑢𝑘

𝜕𝑥𝑗𝜕𝑥𝑙
= 𝜌

𝜕2𝑢𝑖

𝜕𝑡2
 (3.15) 

where 𝑢𝑖 is the incremental displacement due to wave propagation and 𝜌 is the density in 

unstrained configuration. 

The incremental stress 𝑇𝑖𝑗 is calculated through the constitutive relationship for 

the final configuration, due to wave propagation in a prestressed medium, given by 

Equation (3.16). 

𝑇𝑖𝑗 = 𝐵𝑖𝑗𝑘𝑙

𝜕𝑢𝑘

𝜕𝑥𝑙
 (3.16) 

The fourth-order tensors 𝑨 and 𝑩 in undeformed state are obtained using 

Equations (3.17) and (3.18). 

𝐴𝛼𝛽𝛾𝛿 = 𝑠𝛽𝛿
𝑖 𝛿𝛼𝛾 + 𝐶𝛼𝛽𝛾𝛿 + 𝐶𝛼𝛽𝜆𝛿

𝜕𝑢𝛾
𝑖

𝜕𝜉𝜆
+ 𝐶𝜆𝛽𝛾𝛿

𝜕𝑢𝛼
𝑖

𝜕𝜉𝜆
+ 𝐶𝛼𝛽𝜆𝛿𝜁𝜂𝜀𝜁𝜂 (3.17) 

𝐵𝛼𝛽𝛾𝛿 = 𝐶𝛼𝛽𝛾𝛿 + 𝐶𝛼𝛽𝜆𝛿

𝜕𝑢𝛾
𝑖

𝜕𝜉𝜆
+ 𝐶𝛼𝛽𝜆𝛿𝜁𝜂𝜀𝜁𝜂 

(3.18) 

where 𝑠𝛽𝛿
𝑖  and 𝜀𝜁𝜂 are the initial stress and strain in the deformed state, respectively, 𝑢𝛾

𝑖  

is the initial displacement from undeformed to deformed state, and 𝜉𝜆 is the position in 

the undeformed state. 

In strained stated, before wave propagation, these tensors can be written as 

Equations (3.19) and (3.20). 

𝐴𝐼𝐽𝐾𝐿 = 𝑠𝐽𝐿
𝑖 𝛿𝐼𝐾 + 𝐶𝐼𝐽𝐾𝐿𝜀𝑁𝑁 + 𝐵𝐼𝐽𝐾𝐿 (3.19) 
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𝐵𝐼𝐽𝐾𝐿 = 𝐶𝐼𝐽𝐾𝐿 + 𝐶𝑀𝐽𝐾𝐿

𝜕𝑢𝐼
𝑖

𝜕𝑋𝑀
+ 𝐶𝐼𝑀𝐾𝐿

𝜕𝑢𝐽
𝑖

𝜕𝑋𝑀
+ 𝐶𝐼𝐽𝑀𝐿

𝜕𝑢𝐾
𝑖

𝜕𝑋𝑀
+ 𝐶𝐼𝐽𝐾𝑀

𝜕𝑢𝐿
𝑖

𝜕𝑋𝑀

− 𝐶𝐼𝐽𝐾𝐿𝜀𝑁𝑁 + 𝐶𝐼𝐽𝐾𝐿𝑀𝑁𝜀𝑀𝑁 

(3.20) 

where 𝑋𝑀 is the position in the strained state. 

The solutions are the type presented in Equation (3.21), which represents plane 

waves. 

𝑢𝑚 = 𝑈𝑚𝑒𝑖𝜅(𝑥1+𝛼𝑥3−𝑐𝑡) (3.21) 

where 𝜅 and 𝛼𝜅 are the wavenumber in the directions 𝑥1 and 𝑥3, respectively, and 𝑐 is 

the phase velocity. 

Substituting Equation (3.21) in Equation (3.15), equation of motion, it yields a 

form of solution known as Christoffel equation, represented in Equation (3.22). 

𝐾𝑖𝑘𝑈𝑘 = 0 (3.22) 

The tensor 𝐾𝑖𝑘 is obtained by the second spatial and temporal derivatives of 

Equation (3.21) into Equation (3.15), which results in Equation (3.23). 

𝐾𝑖𝑘 = 𝜌𝑐2𝛿𝑖𝑘 − 𝐴𝑖1𝑘1 − 𝛼(𝐴𝑖1𝑘3 + 𝐴𝑖3𝑘1) − 𝛼2𝐴𝑖3𝑘3 (3.23) 

Since 𝐴𝑖𝑗𝑘𝑙 = 𝐴𝑘𝑙𝑖𝑗 in both strained and unstrained state, 𝑲 is symmetric and, 

consequently, 𝐾𝑖𝑘 = 𝐾𝑘𝑖. Doing det(𝑲) = 0, for each value 𝑐, six roots of 𝛼 are obtained. 

In the case of isotropic medium in both unstrained and strained submitted to equi-

biaxial homogeneous stress state in 𝑥1𝑥2 plane, this plane remains one of the material 

symmetries even after deformed. Thus, 𝑲 has the components in Equations (3.24) – 

(3.29). 

𝐾11 = 𝜌𝑐2 − 𝐴1111 − 𝛼2𝐴1313 (3.24) 
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𝐾22 = 𝜌𝑐2 − 𝐴2121 − 𝛼2𝐴2323 
(3.25) 

𝐾33 = 𝜌𝑐2 − 𝐴3131 − 𝛼2𝐴3333 
(3.26) 

𝐾12 = 𝐾21 = −𝐴1121 − 𝛼2𝐴1323 
(3.27) 

𝐾13 = 𝐾31 = −𝛼(𝐴1133 + 𝐴1331) 
(3.28) 

𝐾23 = 𝐾32 = −𝛼(𝐴2133 + 𝐴2331) 
(3.29) 

The coefficients of the odd powers of 𝛼 are zero, which leads to a cubic equation 

in 𝛼2, as presented in Equation (3.30). 

𝑃6𝛼6 + 𝑃4𝛼4 + 𝑃2𝛼2 + 𝑃0 = 0 (3.30) 

where 𝑃𝑖 are presented in Appendix D. For each value of 𝑐, there are 6 roots of 𝛼, 3 

corresponding to up-going bulk waves and three down-going bulk waves. 

Finally, it is necessary to satisfy the stress-free boundary conditions on the plate 

surfaces, where 𝑥3 = ± 𝑑/2. For this, displacement ratios of 𝑈1, 𝑈2 and 𝑈3 are obtained 

for each 𝛼, as shown in Equation (3.31). 

𝑉𝑞 =
𝑈2𝑞

𝑈1𝑞
, 𝑊𝑞 =

𝑈3𝑞

𝑈1𝑞
, 𝑞 = 1,2 … 6 (3.31) 

Equation (3.22) enables these ratios to be written in terms of 𝐾𝑚𝑛 and the 

corresponding 𝛼𝑞. The total displacement of the resulting Lamb wave is considered a 

superposition of the displacements of six partial waves, and the Equation (3.32) needs to 

be satisfied. 

{𝑢1, 𝑢2, 𝑢3} = ∑{1, 𝑉𝑞, 𝑊𝑞}𝑈1𝑞𝑒𝑖𝜉(𝑥1+𝛼𝑞𝑥3−𝑐𝑡)

6

𝑞=1

 (3.32) 
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Using Equation (3.32) in Equation (3.16), Equation (3.33) is obtained. 

{𝑇33, 𝑇13, 𝑇23} = ∑ 𝑖𝜉{𝐷1𝑞 , 𝐷2𝑞 , 𝐷3𝑞}𝑈1𝑞𝑒𝑖𝜉(𝑥1+𝛼𝑞𝑥3−𝑐𝑡)

6

𝑞=1

 (3.33) 

where: 

𝐷1𝑞 = 𝐵3311 + 𝐵3312𝑉𝑞 + 𝛼𝑞𝐵3333𝑊𝑞, (3.34) 

𝐷2𝑞 = 𝛼𝑞(𝐵1313 + 𝐵1323𝑉𝑞) + 𝐵1331𝑊𝑞, 
(3.35) 

𝐷3𝑞 = 𝛼𝑞(𝐵1323 + 𝐵2323𝑉𝑞) + 𝐵1332𝑊𝑞. 
(3.36) 

To ensure stress-free boundary conditions at the surface, where 𝑥3 = ± 𝑑/2, 𝑇13, 

𝑇23 and 𝑇33 must be zero, which yields six equations in terms of six displacement 

amplitudes, 𝑈1𝑞, of the six partial waves, 𝑞 = 1, 2 … 6. For this, and to obtain nontrivial 

solutions for the displacement amplitudes: 

|

|

𝐷11𝐸1 𝐷12𝐸2 𝐷13𝐸3 𝐷14𝐸4 𝐷15𝐸5 𝐷16𝐸6

𝐷21𝐸1 𝐷22𝐸2 𝐷23𝐸3 𝐷24𝐸4 𝐷25𝐸5 𝐷26𝐸6

𝐷31𝐸1 𝐷32𝐸2 𝐷33𝐸3 𝐷34𝐸4 𝐷35𝐸5 𝐷36𝐸6

𝐷11𝐸̃1 𝐷12𝐸̃2 𝐷13𝐸̃3 𝐷14𝐸̃4 𝐷15𝐸̃5 𝐷16𝐸̃6

𝐷21𝐸̃1 𝐷22𝐸̃2 𝐷23𝐸̃3 𝐷24𝐸̃4 𝐷25𝐸̃5 𝐷26𝐸̃6

𝐷31𝐸̃1 𝐷32𝐸̃2 𝐷33𝐸̃3 𝐷34𝐸̃4 𝐷35𝐸̃5 𝐷36𝐸̃6

|

|

= 0 (3.37) 

where 𝐸𝑞 = 𝑒𝑖𝜉𝛼𝑞𝑑/2 and 𝐸̃𝑞 = 𝑒−𝑖𝜉𝛼𝑞𝑑/2. 

Manipulating rows and columns, Equation (3.37) is reduced into Equations (3.38) 

and (3.39), which correspond to the symmetric and antisymmetric Lamb wave modes, 

respectively. 

𝑓𝑠(𝜔, 𝑐) = 𝐷11𝐺1 cot(𝛾𝛼1) + 𝐷13𝐺3 cot(𝛾𝛼3) + 𝐷15𝐺5 cot(𝛾𝛼5) = 0 (3.38) 

𝑓𝑎(𝜔, 𝑐) = 𝐷11𝐺1 tan(𝛾𝛼1) + 𝐷13𝐺3 tan(𝛾𝛼3) + 𝐷15𝐺5 tan(𝛾𝛼5) = 0 (3.39) 
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where 𝛾 = 𝜉𝑑/2 = 𝜔𝑑/(2𝑐), 𝜔 is the angular frequency, and 𝐺𝑚 are calculated by 

Equations (3.40) – (3.42). 

𝐺1 = 𝐷23𝐷35 − 𝐷33𝐷25 (3.40) 

𝐺3 = 𝐷31𝐷25 − 𝐷21𝐷35 
(3.41) 

𝐺5 = 𝐷21𝐷33 − 𝐷31𝐷23 
(3.42) 

The solution of Equations (3.38) and (3.39) yields the dispersion curves of phase 

velocity and angular frequency for both symmetric and antisymmetric modes, 

respectively. These solutions require numerical methods, and one of them is proposed by 

Gandhi, Michaels and Lee (2012). 

 

3.5 FORMULATION OF GUIDED WAVE IN REBARS 

For the specific case of free bar, Pochhammer (1876) and Chree (1889) were the 

first authors to investigate and propose solutions for the guided waves. Pochhammer’s 

displacements are given by Equations (3.43), (3.44) and (3.45), in terms of cylindrical 

coordinates 𝑟, 𝜃 and 𝑧. 

𝑢𝑟 = 𝑈 cos 𝜃 𝑒𝑖(𝛾𝑧+𝑝𝑡). (3.43) 

𝑢𝜃 = 𝑉 sin 𝜃 𝑒𝑖(𝛾𝑧+𝑝𝑡). (3.44) 

𝑢𝑧 = 𝑊 cos 𝜃 𝑒𝑖(𝛾𝑧+𝑝𝑡) (3.45) 

where 𝑤 is the circular frequency, obtained as 𝑤 = 2𝜋Ω, 𝛾 is the propagation constant or 

wavenumber, 𝛾 = 𝑤 𝑣⁄ = 2𝜋 𝜆⁄ , where 𝑣 is the phase velocity and 𝜆 is the wavelength, 

and 
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𝑈 = 𝐴
𝜕𝐽1(ℎ𝑟)

𝜕𝑟
+ 𝐵𝛾

𝜕𝐽1(𝑘𝑟)

𝜕𝑟
+ 𝐶

𝐽1(𝑘𝑟)

𝑟
, (3.46) 

𝑉 = −𝐴
𝐽1(ℎ𝑟)

𝑟
− 𝐵𝛾

𝐽1(𝑘𝑟)

𝑟
− 𝐶

𝜕𝐽1(𝑘𝑟)

𝜕𝑟
, 

(3.47) 

𝑊 = 𝑖𝐴𝛾𝐽1(ℎ𝑟) − 𝑖𝐵𝑘2𝐽1(𝑘𝑟). (3.48) 

In equations above, 𝐽1 is a Bessel’s function of order unity, 𝐴, 𝐵 and 𝐶 are arbitrary 

constants and 

ℎ2 = 𝑤2 𝑣𝐿
2⁄ −  𝛾2, (3.49) 

𝑘2 = 𝑤2 𝑣𝑆
2⁄ −  𝛾2. (3.50) 

For convenience, dimensionless wave numbers are introduced, 𝛼, 𝛽, 𝜁, and 

frequency, Ω, in terms of the radius of the cylinder, 𝑎, and the shear velocity, 𝑣𝑆. These 

considerations result in Equation (3.51). 

𝛼 = ℎ𝑎, 𝛽 = 𝑘𝑎, 𝜁 = 𝛾𝑎, Ω = 𝑤𝑎/𝑣𝑆. (3.51) 

Thus, the Equations (3.49) and (3.50) become Equations (3.52) and (3.53). 

𝛼2 =
Ω2

𝜑2
−   𝜁2, (3.52) 

𝛽2 = Ω2 −   𝜁2 (3.53) 

where 

𝜑2 =
(𝜆 + 2𝜇)

𝜇
=

2(1 − 𝜈)

(1 − 2𝜈)
, 

(3.54) 

where 𝜆 and 𝜇 are Lamé’s constants and 𝜈 is Poisson’s ratio. 
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Considering stress free bar surface and eliminating the constants 𝐴, 𝐵 and 𝐶, 

Zemanek (1972) showed that the only nontrivial solutions are obtained making the 

following determinant equal to zero, what is a new format of the Pochhammer’s 

frequency equation, called here Equation (3.55). 

|

𝐴11 𝐴12 𝐴13

𝐴21 𝐴22 𝐴23

𝐴31 𝐴32 𝐴33

| = 0 (3.55) 

where: 

𝐴11 = [𝑛2 − 1 − (Ω2 2⁄ ) + 𝜁2]𝐽𝑛(𝛼), (3.56) 

𝐴12 = (𝑛2 − 1 − 𝛽2)𝐽𝑛(𝛽), (3.57) 

𝐴13 = 2(𝑛2 − 1)[𝛽𝐽𝑛−1(𝛽) − 𝑛𝐽𝑛(𝛽)] − 𝛽2𝐽𝑛(𝛽), (3.58) 

𝐴21 = 𝛼𝐽𝑛−1(𝛼) − (𝑛 + 1)𝐽𝑛(𝛼), (3.59) 

𝐴22 = 𝛽𝐽𝑛−1(𝛽) − (𝑛 + 1)𝐽𝑛(𝛽), (3.60) 

𝐴23 = [2𝑛2 + 2𝑛 − 𝛽2]𝐽𝑛(𝛽) − 2𝛽𝐽𝑛−1(𝛽), (3.61) 

𝐴31 = 𝛼𝐽𝑛−1(𝛼) − 𝑛𝐽𝑛(𝛼), (3.62) 

𝐴32 = {1 − [Ω2 (2𝜁2)⁄ ]}[𝛽𝐽𝑛−1(𝛽) − 𝑛𝐽𝑛(𝛽)], (3.63) 

𝐴33 = 𝑛2𝐽𝑛(𝛽). (3.64) 

 

The variable 𝑛 represents the type of the guided wave, thus 𝑛 = 0 is related to 

symmetric modes, often called longitudinal mode 𝐿(0, 𝑚), and 𝑛 ≥ 1 represents the 

antisymmetric modes, also known as flexural mode 𝐹(1, 𝑚). The variable 𝑚 is the mode 
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branch, thus the first and lowest branch of the longitudinal mode is designated by 𝐿(0,1), 

whereas 𝐹(1,1) is the first fundamental flexural mode. 

To simplify the formulation above, if 𝑛 = 0, the determinant results into two 

equations for symmetric modes, Equations (3.65) and (3.66). 

𝛽𝐽0(𝛽) − 2𝐽1(𝛽) = 0, (3.65) 

[Ω2 − 2𝜁2]2𝐽0(𝛼)𝐽1(𝛽) + 4𝜁2𝛼𝛽𝐽0(𝛽)𝐽1(𝛼) − 2Ω2𝛼𝐽1(𝛼)𝐽1(𝛽) = 0. (3.66) 

The Equation (3.65) models the Torsional waves and Equation (3.66) is related to 

longitudinal waves. In this work, as the frequency range only produces the first torsional 

mode, which is not dispersive and has a constant velocity equal to the shear bulk wave 

velocity, the torsional modes are not considered. Therefore, from now on, the longitudinal 

mode is simply called symmetric mode. 

On the other hand, Pao and Mindlin (1960) proposed a simplification on 

Pochhammer’s frequency equation for the flexural modes, presented in Equation (3.67). 

𝐽1(𝛼)𝐽1
2(𝛽)[𝑓1𝒥𝛽

2 + 𝑓2𝒥𝛼𝒥𝛽 + 𝑓3𝒥𝛽 + 𝑓4𝒥𝛼 + 𝑓5] = 0 (3.67) 

where: 

𝑓1 = 2(𝛽2 −  𝜁2)2, (3.68) 

𝑓2 = 2𝛽2(5 𝜁2 + 𝛽2), (3.69) 

𝑓3 = 𝛽6 − 10𝛽4 − 2𝛽4 𝜁2 + 2𝛽2 𝜁2 + 𝛽2 𝜁4 − 4 𝜁4, (3.70) 

𝑓4 = 2𝛽2(2𝛽2 𝜁2 − 𝛽2 − 9 𝜁2), (3.71) 

𝑓5 = 𝛽2(−𝛽4 + 8𝛽2 − 2𝛽2 𝜁2 + 8 𝜁2 −  𝜁4). (3.72) 

And 
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𝒥𝑥 ≡ 𝒥1(𝑥) ≡ 𝑥𝐽0(𝑥)/𝐽1(𝑥) (3.73) 

is the Onoe’s function (Onoe, 1958) of the first kind and order unity. 

Finally, phase and group velocities, 𝑣 and 𝑣𝑔 respectively, are given by Equation 

(3.74). 

𝑣 ≡
𝑤

𝛾
=

𝑣𝑆𝛺

 𝜁
; 𝑣𝑔 ≡

𝑑𝑤

𝑑𝛾
=

𝑣𝑆𝑑𝛺

 𝑑𝜁
. (3.74) 

A Bessel’s function of order 𝑛 is defined as shown in Equation (3.75) and a 

Bessel’s property used to model the dispersive curves is presented in Equation (3.76). 

𝐽𝑛(𝑥) = ∑
(−1)𝑠

𝑠! (𝑛 + 𝑠)! 

∞

𝑠=0

(
𝑥

2
)

𝑛+2𝑠

. (3.75) 

𝐽−𝑛(𝑥) = (−1)𝑛𝐽𝑛(𝑥). (3.76) 

Other authors present a theoretical analysis of Pochhammer’s equation (Meitzler, 

1961; Gadzhibekov and Ilyashenko, 2021), some of them focused on the zero modes 

(Laurent et. al., 2015; Hussain, Ahmad and Ozair, 2017), some showed these equations 

into boundary finite element method (Gunawan; Hirose, 2005; Gravenkamp, Birk and 

Song, 2014) and another approach line proposed a simplified approximation 

(Widehammar; Gradin; Lundberg, 2001; Brizard; Jacquelin; Ronel, 2019; Brizard; 

Jacquelin, 2022). 

 

3.6 GUIDED WAVES IN EMBEDDED REBARS 

In the case of multilayered media with cylindrical solids, such as bars in reinforced 

concrete, which are also called leaky cylindrical systems, the modeling is much more 

difficult than in the free boundaries case. This difficulty is mainly due to the complex 
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Bessel’s functions that need to be calculated, what is, in some cases, impossible (Lowe 

and Pavlakovic, 2013). 

Lowe (1995) makes a review of the main matrix technique formulations on 

literature, while Pavlakovic and Lowe (1999) proposed an approach to model dispersion 

curves in multilayered media with cylinders and Pavlakovic et. al. (1997) developed a 

general program that creates dispersion curves, resulting in the software Disperse®. 

Guided waves in cylinders embedded in solid are highly dispersive, and there is a 

great energy attenuation, where the wave can leak into the solid as Longitudinal and Shear 

bulk waves. The leakage mode depends on the wave phase velocity, as shown in Figure 

3.5. In this figure, the two horizontal lines correspond to the bulk wave velocity in the 

surrounding solid. If the region considered is located below the line that defines the bulk 

shear velocity, there is no wave leakage to the solid (a), called non-leaky region, if it is 

located between longitudinal and shear velocity (b), only shear waves are leaked, and if 

the region is above the longitudinal velocity line (c), both shear and longitudinal waves 

leak into the surrounding medium. These leakages are illustrated in Figure 3.6. 

 
Figure 3.5 - Leakage regions 

 
Source: Lowe and Pavlakovic (2013)  

 
Figure 3.6 - Types of leakage 

 
Source: Lowe and Pavlakovic (2013) 
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Therefore, there are two manners for considering the guided wave propagation in 

multilayered elements, mainly in bars embedded in concrete: 

a) The propagation occurs throughout the entire element: the complete 

movement of the wave involves both materials, one inner and another outer, 

and there are no leaky waves. The wave propagates as if it was a single 

material. The dispersion curves are a result of a weighting of the materials. 

b) The propagation occurs only in the inner material: the waves are called leaky 

guided waves, which means that while these waves propagate in the inner part, 

bulk longitudinal and/or shear waves are leaked in the surrounding material, 

generated from the guided wave. The dispersion curves are related to the inner 

material regarding its boundary conditions. 

For these modelings, the following software can be used: PCDISP® (Seco et al., 

2002), which uses the Multiple Layer Matrix approach (Seco; Jiménez, 2012); 

GUIGUW®, developed by Bocchini, Marzani and Viola (2011) and based on Semi-

Analytical Finite Element (SAFE) method; and the commercial software called 

DISPERSE® (Lowe; Pavlakovic, 2013). 

Case ‘a’ can be modeled in all software, where reinforced concrete is modeled as 

a cylindrical sample with an inner bar surrounded by cylindrical concrete layer with 

thickness equal to the cover. 

For modeling this scenario, some works used PCDISP® (Zima and Rucka, 2017; 

Zima and Rucka, 2018) and some used GUIGUW® (Zima and Kędra, 2019, Zima and 

Kędra, 2021). Furthermore, Aseem and Ng (2021) and Aseem and Ng (2023) justified the 

simplicity of the first case to model it in DISPERSE®. 

Guided waves are produced only when the bulk wave wavelength is 

approximately equal to or greater than the guide thickness. Considering this, a simplified 

analysis for case ‘a’ can be done as follows:  

• If a total diameter of 5 cm (steel plus concrete) is considered, with a group 

velocity of 4,000 m/s and using the Equation (2.2), that relates velocity to 

frequency, the maximum wave frequency to produce guided waves is 

around 80 kHz, which yields a possible frequency range of 20 – 80 kHz. 
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This limitation makes the modeling of case ‘a’ questionable in terms of 

representing the real problem.  

Case ‘b’ is commonly modeled by DISPERSE®, where the reinforced concrete is 

modeled as a rebar embedded in an infinite concrete medium. Additionally, it is 

considered perfect bonding between materials, like in case ‘a’.  

Remaking the previous analysis for case ‘b’: 

• Considering a rebar diameter of 10 mm, the maximum wave frequency to 

produce guided waves is around 400 kHz, yielding a possible frequency 

range of 20 – 400 kHz. As this frequency range is commonly used for 

concrete samples, this analysis makes case ‘b’ more coherent with real 

conditions. 

For modeling case ‘b’, most researchers used the software DISPERSE® (Sharma; 

Mukherjee, 2014; Sharma et al., 2021). In contrast, Sun and Zhu (2020) modified 

PCDISP to “handle multilayer structures with an infinite outer layer and calculate the 

dispersion curves with leakage” (Sun; Zhu, 2020, p. 2). 

 

3.7 HIGHLIGHTS OF CHAPTER 3 

An abstract of the chapter is listed here: 

a) As guided waves propagate long distances through the guides, they are 

often used to analyze long elements with a single application. They are 

mainly utilized to identify flaws, given their high sensitivity to defects. 

b) The Rayleigh wave velocity is given by Equation (3.7). 𝑐𝑅 varies from 

0.87𝑐𝑇 to 0.96𝑐𝑇. Besides, for 𝜈 = 0.2, typical value for concrete, 𝑐𝑅 = 

0.91𝑐𝑇 and for 𝜈 = 0.3, typical value for steel, 𝑐𝑅 = 0.93𝑐𝑇. 

c) The longitudinal mode, also called symmetric mode S0, is denoted as 

𝐿(𝑛, 𝑚), where 𝑛 represents the Bessel function order considered, which 

is 0 for this mode, and 𝑚 is the wave mode order. The first and lowest 

mode is 𝐿(0, 1).  
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d) For specimens in vacuum, free-stress surfaces, 𝜎𝑥𝑧 = 𝜎𝑧𝑧 = 0 on 𝑧 = ±𝑑, 

the two characteristic equations are Equation (3.13), for Symmetric 

modes, and Equation (3.14), for antisymmetric modes. 

e) The acoustoelastic effect for Lamb waves is quantified by Equations (3.38) 

and (3.39), which correspond to the symmetric and antisymmetric Lamb 

wave modes, respectively. 

f) The characteristic equation of longitudinal guided waves and flexural 

guided waves in rebars are represented by Equation (3.66) and (3.67), 

respectively. 

a) In multilayered media with cylindrical solids, the guided wave 

propagation occurs in a leaky cylindrical system. While these waves 

propagate in the guide, bulk longitudinal and/or shear waves leak in the 

surrounding material. The leakage mode depends on the wave phase 

velocity. 
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4 SYSTEMATIC REVIEW 

In this chapter, a systematic review is carried out, where the most relevant issues 

about the state of art are discussed. For this, the research parameters used in each platform 

are presented, along with the main papers obtained and their key information. 

The following research platforms were used: Periódicos CAPES, Web of science, 

Science direct and Scopus. In Appendix C, the papers considered for the review are 

presented, totaling 87, as well as the main properties of each search. Despite being listed 

by the platforms, the papers not strictly related to the present study and those duplicated 

were not considered. 

 

4.1 RESEARCH METHODS 

The objective of the searches was to answer the main questions related to the 

subject of the present study. For this, questions were listed in Table 4.1, along with the 

respective expected results. 

 
Table 4.1 - Key questions for the searches 

                        (continue) 

Research questions Expected results 

Q1. How are Lamb waves used in 

plain concrete structures? 

1. The manner how these waves 

are produced; 

2. For which analyzes they are 

used. 

Q2. How is the acoustoelasticity 

effect analyzed in reinforced concrete 

structures? 

1. Which waves are considered; 

2. If it is possible to detect this 

effect; 

3. Which materials are 

considered for the analyses. 

Q3. Are guided waves used for the 

acoustoelastic effect analysis? 

1. The sensitivity of these waves 

for acoustoelasticity; 

2. To know, among guided 

waves, the most used. 
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Table 4.1 - Key questions for the searches 

                                                                                                (conclusion) 

Research questions Expected results 

Q4. Do the researchers assess 

acoustoelasticity in reinforced 

concrete elements through guided 

waves? 

1. The analysis methods; 

2. The ultrasound application 

procedure. 

Q5. How are the dispersion curves in 

cylinders determined? 

1. The main formulas and 

approaches and the respective plot 

procedure; 

2. If there are well-stablished 

methods. 

Q6. How to solve Pochhammer 

equations? 

1. Strategies for solving the 

characteristic equations of guided 

waves in rods. 

Q7. How do the authors use software 

for obtaining dispersion curves in 

cylinders? 

1. To list software for modeling 

guided waves in rods; 

2. Which wave velocity are 

obtained for rebars in reinforced 

concrete. 

Source: Own elaboration 

 

Based on the questions in Table 4.1 and the corresponding expected results, 

specific keywords were selected for searches in the scientific databases. Some words were 

restricted to title, abstract and paper keywords, while others could appear in any field of 

the paper. The use of each keyword is detailed in Appendix C for each search. 

Accordingly, only the keywords, without conjunctions, are listed in Table 4.2. 

 
Table 4.2 - Search keywords 

                                                                                                    (continue) 

Research questions keywords 

Q1 Lamb wave; Concrete 

Q2 Acoustoelastic; Acoustoelasticity; reinforced concrete 

Q3 
Acoustoelastic; Acoustoelasticity; Lamb; Guided; 

Rayleigh 
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Table 4.2 - Search keywords 

                                                                                                            (conclusion) 

Research questions keywords 

Q4 
Acoustoelastic; Acoustoelasticity; Lamb; reinforced 

concrete 

Q5 
Lamb; dispersion curve; cylinder; steel bar; 

ultrasound; ultrasonic 

Q6 
Pochhammer; dispersion; dispersion curve; cylinder; 

rod; guided wave 

Q7 
Disperse; software; concrete; guided wave; reinforced 

concrete 

Source: Own elaboration 

 

After obtaining the papers for each search, some exclusion criteria were applied. 

The purpose of this step is to filter only the most relevant papers that could address the 

concerns. These criteria were defined for each question based on its expected key 

information. The exclusion criteria are: 

a) No answer is provided by the title, as primary exclusion, and by the abstract, as 

secondary exclusion; 

b) Not related to engineering or physics; 

c) No use of ultrasonic waves; 

d) Papers focused on thermal analysis without the acoustoelastic theory 

explanation. 

This systematic review method yields the papers presented in Appendix C, and 

their key information is summarized and discussed in the following sections. 

 

4.2 NOMENCLATURE OF GUIDED WAVES 

In thin specimens where the thickness is around the wavelength of bulk waves, 

when an ultrasonic pulse reaches the opposite side, a portion of energy leaks into the 

surrounding material and another portion remains confined between the boundaries, 

reflecting continuously at mean boundaries and traveling parallel to them, using the entire 
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specimen thickness for the complete movement. This last phenomenon generates the 

guided waves, and when the guide specimen is a plate, the waves are known as Lamb 

waves or Plate waves.  

In most papers, when the guide has a circular cross section, the authors only use 

the designation “guided waves”, and Lamb waves exclusively for plates; despite being 

related to the same phenomenon. Gunawan and Hirose (2005) showed asymptotic 

behavior between dispersion curves of guided waves in bars with arbitrary cross-section 

and Lamb waves in 2D plates. A similar conclusion was presented by Zhang et al. (2018), 

who stated that for long wavelengths in low frequency, the rod-like model is similar to a 

plate-like model in uniform medium. It strengthens that guided waves in rods and Lamb 

waves in plates are related to the same phenomenon, what makes both waves a particular 

case of the general guided wave. For this reason, in this work the term “guided waves” is 

used. 

 

4.3 CHRONOLOGY OF RESEARCH DEVELOPMENT 

Figure 4.1 shows the distribution of the papers by year. 

 

Figure 4.1 - Papers by year 

 
Source: Own elaboration 

 

Despite the first publications on guided waves in free bars being old 

(Pochhammer, 1876; Chree, 1889), the formulations were challenging to handle and 
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solve. These formulas were better addressed by Zemanek (1972), which, in addition to 

improved computers, enabled a greater number of publications at the end of the twentieth 

century.  

The main works began to show up around 1999, when the first study about 

acoustoelasticity using Lamb waves was published (Delsanto et al., 1999). In the same 

year, one of the pioneer studies about dispersion curves of two-layered cylinders was 

published (Kley et al., 1999). The efforts for solving the dispersion curves resulted in the 

first software for guided waves, such as DISPERSE®, PCDISP and later, GUIGUW. 

From 1999 to 2008, the number of studies was not constant, with an average of 

1.5 paper per year and no publications in 2001, 2006 and 2008. The subject gained 

momentum from 2009, mostly because of the commercial and more stable versions of the 

above software and the alternative numerical and analytical solutions for the dispersion 

curves, like the proposition of Honarvar, Enjilela and Sinclair (2009). 

Some works proposed approximations and alternative methods and solutions for 

Pochhammer equations (Brizard; Jacquelin; Ronel, 2019; Kari, 2002, Elmaimouni et al., 

2005, Honarvar; Enjilela; Sinclair, 2009; Höhne; Prager; Gravenkamp, 2015). 

Most of the papers, 51%, were published in the last 6 years, with a peak in 2021, 

with 11 works. 

 

4.4 TYPE OF MATERIAL STUDIED 

Figure 4.2 shows the distribution of works according to the specimen analyzed. 

 
Figure 4.2 - Distribution of papers by material studied 

 

Source: Own elaboration 

61%16%

21%

2%

Reinforced concrete
Plain concrete
Metallic plate
Rubber
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As expected, most studies use reinforced concrete as the specimen, but there are 

many of them with plain concrete and metallic plate. Plain concrete is mainly utilized 

with bulk waves for detecting heterogeneities and acoustoelastic effect. Conversely, 

metallic plate represents the oldest and most consolidated research branch, related to 

Lamb waves for detecting stress state and defects. It explains the higher number of 

metallic plate, 21%, compared to plain concrete, 16%. Finally, there is only one paper 

using rubber as the main material. 

Among these papers, there are 3 reviews. Gorgin, Luo and Wu (2020) provide a 

review about structural health monitoring systems using Lamb waves, while the works of 

Ohtsu (2016) and Li et al. (2021) focus on health monitoring of concrete through guided 

waves. 

4.5 DEBONDING 

The first study on the behavior of elastic waves in reinforced concrete was 

conducted by Yamakawa and Murakami (1997). They presented numerical results on the 

influence of longitudinal bars on the generation of guided waves and concluded that the 

influence of stirrups was negligible, mainly because of their volume relative to the 

longitudinal rebars.  

In the last 3 years, 37% of the works were related to debonding. Jung et al. (2000) 

used guided waves to analyze defects caused by debonding between concrete and rebar. 

The authors indicated that the debonding shifts the dispersion curves slightly towards the 

right. Following this line of research, many works were developed in the subsequent years 

and even nowadays, as Aseem and Ng (2023) and Liao and Qiao (2023). It is an important 

research branch, representing 25% of all papers. 

In a few studies, debonding was induced by corrosion (Farhidzadeh; Salamone, 

2015; Sharma et al., 2021). The works in this line not only focus on debonding detection 

but also on its extent and location. Finally, a few papers, representing 10% of the total, 

focused on defects detection in other materials and specimens. 
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4.6 ACOUSTOELASTIC EFFECT WITH GUIDED WAVES 

The use of guided waves for analyzing acoustoelastic effect has been studied since 

the 80s. Hirao, Fukuoka and Hori (1981) were the first to study this effect experimentally 

using Rayleigh waves. As is the case with bulk waves, the results showed non dispersion 

behavior and a linearity between stress and velocity changes. 

The mathematical analysis conducted by Husson (1985) was in good agreement 

with the above-mentioned author. Furthermore, he showed a good sensitivity of Lamb 

waves to changes in the medium's stress, also resulting in a linear behavior for 

acoustoelastic effect. Later, one of the first works on acoustoelasticity with Lamb waves 

was developed by Delsanto et al. (1999). 

Most research on acoustoelasticity with guided waves was carried out in the last 

decade, and the majority used aluminum plate. Besides, only 26% of all papers were about 

acoustoelasticity. 

Figure 4.3 shows the material utilized in papers that studied acoustoelasticity with 

guided waves. 

 
Figure 4.3 - Materials used in acoustoelasticity with guided waves 

 
Source: Own elaboration 

 

Most papers, 59%, analyzed Lamb waves in aluminum plates, mainly under 

tension. In only one case with aluminum (Hughes et al., 2018), Rayleigh waves were 

used. 

Although there is a well-known theory about acoustoelasticity with Lamb waves 

in aluminum, as shown by Gandhi, Michaels and Lee (2012), Dodson and Inman (2014) 

and Kubrusly, Braga and Weid (2016), there is a great variability in the literature results. 

14%

59%

9%

18%
Prestressing strand

Aluminium plate

Plain concrete

Others
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For example, with central frequency around 2 MHz, the maximum velocity variation 

presented values from 1% to 10%. Nonetheless, in all cases, this variation is linear and 

negative under tension. 

Moreover, Gandhi, Michaels and Lee (2012) demonstrated that the acoustoelastic 

effect with Lamb waves depends on the frequency and propagation angle, exhibiting a 

linear behavior. 

In contrast, in prestressed strand, Rizzo and Lanza (2002) observed an anomalous 

response at low tension stress, with an increase of velocity. It might be justified by the 

settlement of wires at this stress level, which influences the wave propagation due to 

Lamb wave sensitivity.  

In the same line, in rails, Chen and Wilcox (2007) demonstrated that at low 

frequency-thickness values, the change in phase velocity of guided waves with applied 

strain is non-linear. While over a frequency-thickness around 1 Hzm, this relation 

becomes approximately linear. Additionally, these authors also demonstrated that the 

measurements during loading and unloading produce the same results. 

In Figure 4.3, the slice “Others”, 18%, corresponds to 4 papers with different 

specimens: silicone rubber, steel plate, hollow cross section of aluminum and fiber 

reinforced composite lamina. 

Only one paper, published by Dodson and Inman (2014), investigates the 

acoustoelastic effect induced thermally. 

The best approaches to reinforced concrete as material are the works with 

prestressing strand and plain concrete, corresponding to 14% and 9%, respectively. The 

studies with prestressing strand carried out tests in plain strands without the influence of 

concrete. Those in plain concrete did not use rebars and, consequently, only analyzed 

bulk waves. Thus, there are no studies about acoustoelasticity with guided waves in rebars 

of reinforced concrete structures, which is the main objective of the present work. 
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4.7 SENSITIVITY OF THE GUIDED WAVE MODES TO 

ACOUSTOELASTIC EFFECT 

Considering aluminum as analyzed material, according to Pei and Bond (2016b), 

the mode S1 is about ten times more sensitive to acoustoelastic effect than bulk waves, 

while Pei and Bond (2016a) showed that it occurs with A1. 

Among guided wave modes, there is no agreement on which one has the highest 

sensitivity. This is due to the dispersive characteristic, which causes the acoustoelastic 

effect to vary significantly with the considered frequency (Pei and Bond, 2015, 2016a, 

2017a). Therefore, there is a specific frequency/thickness combination that results in the 

highest acoustoelastic constant. Table 4.3 summarizes the conclusion of some authors 

about the most sensitive mode. 

 
Table 4.3 – Comparison between mode’s sensitivity 

Authors Material Most sensitive mode Compared to 

Shi et al. (2023) Aluminum 
S0 A0 

Li and Shi (2022) Not defined 

Pei and Bond (2015) 

Aluminum 

A0 when the stress’ 

direction is normal to 

wave propagation 

S1 in the other cases 

All 

Pei and Bond 

(2016a) 
A1 S0, S1 and A0 

Pei and Bond 

(2017b) 
Aluminum S1 A0, A1 and S0 

Hong-Ye et al. 

(2020) 

Fiber reinforced 

composite lamina 
A0 All 

Source: Own elaboration 
 

Thus, although there is no consensus on the most sensitive mode, all the authors 

agree that the first modes are the most effective for detecting the acoustoelastic effect. 
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4.8 GUIDED WAVE VELOCITY IN STEEL REBARS 

The studies can be classified based on the type of analyses performed. Figure 4.4 

exhibits their distribution between numerical (N) and experimental (E) analysis. 

 
Figure 4.4 - Paper distribution by analysis type 

 
Source: Own elaboration 

 

Most of the authors did numerical analyses, accounting for 73%, while 61% did 

experimental tests and 34% conducted both. Moreover, the majority conducted only 

numerical analyses, representing 39%. 

An in-depth analysis is conducted on the data of the numerical studies, which 

yields Figure 4.5. 

 
Figure 4.5 - Characteristics of the numerical studies 

 
Source: Own elaboration 
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Among the numerical studies, 28% used software to obtain the dispersion curves 

and identify the waves by their velocities. 47% of these studies utilized Disperse®, 31% 

used PCDisp® and 25% used GuiGuw®. Furthermore, 62% of the authors used these 

software to model reinforced concrete structures, among which 70% analyzed debonding, 

while the others focused on quality control. Therefore, less than 13% of all papers utilized 

software to obtain the dispersion curves of rebars embedded in concrete, and none used 

these curves to analyze acoustoelasticity. 

Table 4.4 presents the maximum velocities of guided waves found in the 

reinforced concrete models. Due to modeling limitations and simplifications, all the 

authors modeled plain bars. 

 
Table 4.4 - Maximum velocities of guided waves 

Authors 
Bar diameter 

(mm) 

Frequencies 

used (kHz) 

Group velocity (m/s) 

Isolated bar Embedded bar 

Aseem and 

Ng (2021) 
10 80, 160 5100, 4500 3200 

Zima and 

Kędra 

(2019) 

10 50 5087 

3800 (max in 

the analyzed 

range),  

 

2500 

Zima and 

Rucka 

(2018) 

10 60 5072 2132 

Zima and 

Rucka 

(2017) 

20 30, 110 5150, 4700 4100, 3000 

Zima 

(2019) 
20 40, 50, 60 

5030, 4974, 

4897 

3332, 2852, 

2760 

Aseem and 

Ng (2023) 
24 0 – 170 (range) - 3000 

Sharma and 

Mukherjee 

(2014) 

25 54 - 3200 

Source: Own elaboration 
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In the case of embedded rebars, regarding the works with 10 mm bars, a small 

variation in the frequency applied was sufficient to cause a significant variation in 

velocity. The frequencies ranged between 50 and 160 kHz, resulting in velocities from 

2132 m/s to 3200 m/s. The studies with 20 mm bars utilized frequencies between 30 and 

110 kHz, yielding velocities between 2760 m/s and 4100 m/s. For 24 mm and 25 mm, 

within the range of 0 – 170 kHz, the velocity was approximately 3000 m/s. This variability 

and the complex relationship between diameter, frequency and velocity reflect the strong 

dispersion nature of guided waves. 

The velocities in isolated bars presented less variability than those in embedded 

bars, with values around 5100 m/s. This occurs because, for the same frequency range, 

there are much more modes and consequently velocity possibilities in the embedded case, 

as shown in Figure 4.6. The curves in blue, labeled with the subscript “b”, are related to 

isolated bars. All curves correspond to bars with a diameter of 10 mm and depict 

longitudinal modes. 

 
Figure 4.6 - Group velocity in rebars of 10 mm 

 
Source: Aseem and Ng (2021) 

 

Within the range considered above, 0 – 170 kHz, basically there is only the L(0,1)b 

mode for isolated bar, which exhibits minimal variation with frequency. At low 

frequencies, up to approximately 60 kHz, the velocity is almost constant, around 5000 

m/s. Conversely, there are 10 modes for the embedded case with much higher variability. 

This behavior is similar for bars with other diameters. 
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4.9 ADVANTAGES OF LONGITUDINAL GUIDED WAVES FOR 

STRUCTURAL ANALYSIS 

The analyses with software focus on longitudinal guided waves, 76% of them, due 

to their advantages compared to flexural and torsional modes. According to Zima and 

Rucka (2018), longitudinal waves have high sensitivity to damage detection, such as 

debonding, and to discontinuities in stress and displacements at the interface between 

concrete and rebar. Farhidzadeh and Salamone (2015) and Sharma et al. (2021) primarily 

justified their use because of the low attenuation exhibited during propagation.  

Sharma and Mukherjee (2014) demonstrated that compared to higher modes, the 

fundamental mode L(0,1) at 1 MHz is more sensitive to changes at concrete-steel 

interface. While Sun and Zhu (2020) emphasized that the high order longitudinal mode 

L(0,8) has the lowest attenuation and highest energy velocity at high frequency, over 1.3 

MHz. 

A different conclusion was obtained by Aseem and Ng (2023), whose study 

showed that torsional modes outperformed longitudinal modes for debonding detection, 

attributed to their larger amplitude. 

 

4.10 HIGHLIGHTS OF CHAPTER 4 

An abstract of the chapter is listed here: 

a) In most papers, when the guide has a circular cross section, the authors 

only use the designation “guided waves”, and Lamb waves exclusively for 

plates; 

b) Yamakawa and Murakami (1997) concluded that the influence of stirrups 

was negligible on the behavior of elastic waves in reinforced concrete, 

mainly because of their volume relative to the longitudinal rebars; 

c) When guided waves were used in a finite medium, the acoustoelastic effect 

presented dispersion and linear behavior. Besides, with Lamb waves in 

aluminum plate, the curve is negative under tension. 
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d) In prestressed strand, Rizzo and Lanza (2002) observed an anomalous 

response at low tension stress, with an increase of velocity. It might be 

justified by the settlement of wires at this stress level; 

e) In rails, Chen and Wilcox (2007) demonstrated that at low frequency-

thickness values, the acoustoelastic curve is non-linear; 

f) There are no studies about acoustoelasticity with guided waves in rebars 

of reinforced concrete structures; 

g) Considering aluminum as analyzed material, the modes S1 and A1 are 

about ten times more sensitive to acoustoelastic effect than bulk waves. 

Among guided wave modes, although there is no consensus on the most 

sensitive one, all the authors agree that the first modes are the most 

sensitive. 

h) In embedded rebars, a small variation in the applied frequency was 

sufficient to cause a significant variation in velocity. With frequencies 

within the range of 0 – 170 kHz, the velocities varied from 2132 m/s to 

4100 m/s, while in isolated bars, there was less variability, with values 

around 5100 m/s. 

i) According to most authors, among guided waves, the longitudinal modes 

have the highest sensitivity to damage detection and to discontinuities in 

stress and displacements, low attenuation and the highest velocity. 
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5 EXPERIMENTAL PROGRAM 

Experiments were performed on isolated bars under tension and on reinforced 

concrete prisms under compression and bending. All prisms were initially tested under 

compression and subsequently under bending. Furthermore, the analyses in prisms under 

bending were restricted to the rebars under tension. 

During the experiments, for each load step, 3 ultrasound indirect measurements 

were taken directly on the rebars. Figure 5.1 illustrates the ultrasound application directly 

on a rebar of a prism, which was possible by openings on the prisms’ surface ensured 

during casting. 

 
Figure 5.1 - Draft of ultrasound application 

 
Source: Own elaboration 

 

Moreover, pilot experiments were conducted with rebar diameter of 20 mm, while 

final experiments used diameters of 8, 10, 12.5 and 16 mm. 

 

5.1 MATERIALS 

Table 5.1 presents the concrete mix designs for the pilot test specimens (20 mm), 

designated as Mixture 1, and for the specimens with other bar diameters, designated as 

Mixture 2. In Mixture 2, a water-reducing additive, Adva Cast 585, was used, with its 

dosage expressed as a percentage of the cement mass. 
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Table 5.1 - Concrete mixtures 

 Mixture 1 Mixture 2 

Portland cement (kg/m3) 403.6 408.5 

Fine sand (kg/m3) 313.2 317.0 

Medium-size sand (kg/m3) 469.8 475.5 

Coarse aggregate (kg/m3) 1053.4 1066.3 

Water (kg/m3) 189.7 179.8 

Water/Cement 0.47 0.44 

Additive (%) 0 0.3 

Slump test (cm) 5 18 

fcm (MPa) 35.1 43.8 

fck (MPa) 28.5 37.2 

Source: Own elaboration 

 

The Slump test was performed based on the standard ABNT NBR 16889:2020. 

The parameter fck is the normative compression strength measured 28 days after casting, 

obtained by the average of the compression strength fcm, and calculated according to 

ABNT NBR 12655:2022, considering a standard deviation of 4 MPa. For Mixture 1, 5 

cylindrical specimens were cast with a height of 20 cm and a diameter of 10 cm; for 

Mixture 2, 6 samples were cast. 

The Portland cement used was CPII Z 32, which contains addition of pozzolanic 

material, between 6% and 14%, and has a strength class of 32 MPa, as specified in ABNT 

NBR 16697:2018. Both sands used were quartz sands, whose only difference lies in 

particle diameter. The coarse aggregate was basaltic. Table 5.2 shows the specific mass 

of the materials. 

 
Table 5.2 - Specific mass of materials 

  
Specific mass 

(kg/dm³) 

Portland cement 3.05 

Fine sand 2.59 

Medium-size sand 2.56 

Coarse aggregate 2.82 

Source: Own elaboration 

 

The aggregates were submitted to characterization tests in accordance with ABNT 

NBR 7211:2022, whose sieve test results are presented in Appendix B. Figure 5.2 shows 
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the grain size distribution: the sands on the left and the coarse aggregates on the right. 

Table 5.3 presents the corresponding characterization parameters. 

 
Figure 5.2 - Aggregates size distribution: sand (a) and coarse aggregates (b) 

 
                                   (a)                                                                   (b)   

Source: Own elaboration 

 

Table 5.3 - Aggregates characterization parameters 

Aggregate Maximum grain size (mm) Fineness modulus 

Fine sand 0.6 0.9 

Medium-size sand 0.6 1.6 

Coarse aggregate 12.5 6.6 

Source: Own elaboration 

 

The flexural reinforcements consisted of steel CA-50, specified by ABNT NBR 

7480:2024, and the stirrups consisted of 5 mm CA-60. The 20 mm rebars were submitted 

to 3 tension tests for characterization, whose results are shown in Figure 5.3. The 

corresponding curve of Bar 1 is under the curve of Bar 2. Thus, the average value for 

Young modulus is 𝐸 = 192,02 GPa, with coefficient of variation of 3.2%. This modulus, 

considered for all diameters, and the strain gauge values were used to obtain the 

acoustoelastic curves. 
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Figure 5.3 - Stress Strain curves of 20 mm rebar 

 
Source: Own elaboration 

 

5.2 ULTRASOUND EQUIPMENT 

For the tests, the Pundit Lab+ model ultrasound device, produced by Proceq® (see 

Figure 5.4) and the Pundlink® software version 2.4, specific for this equipment, were 

used. 

 
Figure 5.4 - Ultrasound equipment 

 
Source: Own elaboration 

 

In this software, there are two main input data, “Amplitude” and “Rx probe gain”. 

The first is related to a voltage that determines the emitting wave energy, while the second 

parameter is the signal gain, a signal amplifier provided by the receiving transducer, given 

as a multiplier. After calibrating these parameters, as recommended by Vasconcelos 

(2022) and Vasconcelos and Haach (2024), it was achieved 250V and 10x, respectively. 
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In all tests, 250 kHz longitudinal transducers with flat contact surface were used. 

Before carrying out any test, the device is calibrated by applying these transducers to the 

ends of a cylindrical prism whose wave travel time is known, 25.4 μs (see Figure 5.5). 

 
Figure 5.5 - Transducers and calibration sample 

 
Source: Own elaboration 

 

For the contact between transducers and prism, a water-base gel was used. As 

recommended by Vasconcelos and Haach (2024), to ensure good contact and, 

consequently, a higher velocity, it is necessary to wait for complete saturation of the 

surface pores before performing measurements. This was achieved by applying pressure 

and waiting for some time, approximately 1 minute, before conducting the ultrasound 

tests. 

 

5.3 PRISMS DESIGN 

15 Prisms with dimensions of 15x15x50 cm3 were produced, each one reinforced 

with 4 bars and concrete cover of 2.5 cm. Furthermore, 2 plain concrete prisms were 

produced with Mixture 2, solely to obtain the longitudinal bulk wave velocity in concrete. 

The characteristics of the prisms are presented in Table 5.4. 
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Table 5.4 - Prisms' features 

Prism 
Bar diameter 

(mm) 

Number of 

Stirrups 

Distance between 

Stirrups (cm) 

Concrete 

Mix 

1 

8 

8 7 

2 

2 

3 

4 

10 5 

6 

7 

12.5 

8 7 

8 4 15 

9 8 7 

10 

16 

8 7 

11 4 15 

12 8 7 

13 

20 2 45 1 14 

15 

Source: Own elaboration 

 

The stirrups were designed based on ABNT NBR 6118:2024 considering the 

prisms both as column and beam. The stirrup spacing was limited to 7 cm due to the 

diameter of the openings on prism surface, for free access to longitudinal reinforcement 

by the transducers. An exception was made for prisms 8 and 11, where half the number 

of stirrups was used to analyze their influence on the results. Nevertheless, no influence 

of the stirrup variation was observed, and therefore, its analysis is not presented in the 

results. A further exception was made for prisms 13 to 15, where stirrups were placed 

only at both ends.  

To guarantee direct access to longitudinal bar surface after casting, cylindrical 

polystyrene was used, with 30 cm between their axes on the same bar, as shown in Figure 

5.6. From left to right, it shows the positioning of the polystyrene, the openings after 

casting and a detail of one opening with part of a bar surface exposed, which is necessary 

for better signal quality. The openings were not perfectly symmetrical on the surface, as 

their location depended on the stirrup distribution. 
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Figure 5.6 - Prisms' opening configuration 

 
Source: Own elaboration 

 

In all prisms, 1 strain gauge was fixed by a black vinyl electrical tape centered on 

each longitudinal bar. The gauges, produced by Excel®, are the type PA-06-250BA-120-

L, lot 220718, with a factor F.S. of 2.8. Figure 5.7 shows the positioning of the strain 

gauges. 

 
Figure 5.7 - Strain gauge positioning 

 
Source: Own elaboration 

 

For the strain gauges, it was used the data acquisition system DiDaq-B2, version 

2.6.24.10.05.2022.NC. 

 

5.4 TEST SETUP 

The ultrasound tests were performed during compression, flexural, and tension 

tests. These tests were conducted in load steps, and for each step, 3 continuous indirect 
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ultrasound measurements were performed. To ensure a 30 cm distance between the 

transducer axes and approximately constant pressure, they were fixed with rubber bands. 

The experimental setup for the prisms was based on the initial hypothesis that the 

surrounding concrete would not influence the acoustoelastic effect in the bar. 

5.4.1 Tension in isolated rebars 

For the tension tests on isolated rebars, 4 specimens of each diameter were used, 

and these rebars were distinct from those used in the prisms. Due to the high number of 

curves of isolated rebars, solely to improve the clarity of the graphs in the Results section, 

the specimens were separated into Test 1 and Test 2, with the exception of the 20 mm 

diameter. 

The samples were fixed at the ends, and the transducers were attached to their 

center. Moreover, an Instron machine was used, where the bars were subjected to their 

respective yield strength, but before yielding. Due to the machine’s limitations, the 

samples measured 1.2 m in length (see Figure 5.8). No preloading cycle was applied in 

this case. 

Figure 5.8 - Tension test 

 
Source: Own elaboration 
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5.4.2 Compression in prisms 

In compression, 20 preloading cycles were applied only once to each prism using 

a centered force. Because only one pair of transducers was used, each prism was subjected 

to a complete experiment for each rebar, following the sequence of the rebar numbering 

(see Figure 5.9).  

Figure 5.9 – Sequence of compression application 

 
Source: Own elaboration 

 

The tests were performed in a steel frame, where a manual hydraulic jack was 

attached. To uniform the stress on the prisms’ top face, a steel plate with 5 cm in thickness 

was utilized (see Figure 5.10), while the other end was simply supported on the ground. 

Furthermore, small eccentricities were imposed on the load application to ensure higher 

stress in the analyzed rebar. This decision was based on the initial hypothesis that it would 

be possible to isolate the acoustoelastic effect in the bar from the influence of the 

surrounding concrete. 

Figure 5.10 - Compression test 

 
Source: Own elaboration 
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5.4.3 Bending in prisms 

After being subjected to the compression tests, the same prisms were used for the 

flexural tests. Before the flexural testing, 20 preloading cycles were applied. The 

sequence of the experimental procedure is shown in Figure 5.11.  

 
Figure 5.11 - Bending test sequence 

 
Source: Own elaboration 

 

A three-point support was used, in the same load application structure shown 

previously, as presented in Figure 5.12. In addition, the load was applied at the middle of 

span, which was 45 cm, and all supports could be considered hinges. 

 
Figure 5.12. Bending test 

 
Source: Own elaboration 
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5.4.4 Loading in the experiments 

Table 5.5 presents the loads applied, including the Ultimate Test Load, UTL, 

which is the maximum value applied during the test, and its comparison with the Ultimate 

Load, which is related to the design load. Before testing, the preloading cycles had UTL 

as maximum load, to simulate the in-service conditions. During loading, if the strain in 

any bar reached 1.2‰, which is 60% of 𝜀𝑦𝑑, the experiment cycle ended. 

 
Table 5.5 - Load characteristics 

Specimen Test 

Bar 

diameter 

(mm) 

UTL 

(kN) 

UTL/UL 

(%) 

Increment 

load (kN) 

Number 

of steps 

Isolated 

bars 
Tension 

8 25 100 1.25 

20 

10 40 100 2 

12.5 60 100 3 

16 100 100 5 

20 150 96 7.5 

Prisms 1 

to 15 
Compression 

8 480 58 24 

21 

10 500 58 25 

12.5 520 58 26 

16 560 58 28 

20 620 59 31 

Prisms 1 

to 12 
Flexural 

8 40 91 2 

10 60 90 3 

12.5 80 82 4 

16 100 70 5 

Source: Own elaboration 
 

The UL for isolated rebars was considered to be the yield load. As a result, all 

samples reached yield. 

In compression, UL was obtained by considering a uniform compression stress on 

a compound cross section, disregarding the openings and eccentricities. For this, ABNT 

NBR 6118:2024 was used with the compression strength of Mixture 1, shown in Table 
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5.1. Due to the eccentricity of the applied force, the ratio UTL/UL around 60% ensured 

the strain in the bar around 60% of 𝜀𝑦𝑑. 

In bending, UL is related to the resisting bending moment obtained by the design 

of a beam based on ABNT NBR 6118:2024, using Mixture 1 of Table 5.1. In some cases, 

the flexural tests stopped when the cracks became visible, which generally occurred 

before UTL. An exception was made for prisms 13, 14, and 15, as they were not initially 

designed for bending. Their flexural load steps did not follow a standard procedure, and 

the stopping criterion was strictly based on the cracking evolution observed by the 

operator. This is the reason why there is no information on their flexural tests in Table 

5.5. 

Finally, UTL/UL for 16 mm was 70% due to the loading capacity of the flexural 

supports. Moreover, some prisms with 16 mm and all prisms with 20 mm failed during 

preloading. As a result, their results are not included in this study. This failure probably 

occurred due to the insufficient anchoring length of the longitudinal bars, which must be 

much bigger than the available space after the supports. 
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6 PRELIMINARY RESULTS: TYPES OF WAVES ON WAVE 

PROFILE 

In general, studies on concrete structures focus on bulk waves. In this context, 

these waves can be easily identified on the generated profiles, where the arrival of 

longitudinal and shear waves are determined, as well as coda waves. Figure 6.1 exhibits 

a typical profile in a mortar sample. 

 
Figure 6.1 - Identification of waves on profile 

 
Source: adapted from Fernandes Neto (2023) 

 

In reinforced concrete structures, beyond bulk waves, the ultrasonic pulse 

generates guided waves in the rebars. Due to the dispersive characteristic of guided 

waves, their velocity, and consequently arrival times, are initially not known. Thus, 

before the acoustoelastic analysis, the arrival times of the different waves produced in the 

analyzed prisms and isolated rebars are determined, both in a stress-free state. 

 

6.1 THE FASTEST WAVE IN ISOLATED REBARS 

The first analysis was conducted with isolated bars subjected to tension. A typical 

wave profile is shown in Figure 6.2. 
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Figure 6.2 - Typical wave profile in isolated bars 

 

Source: Own elaboration 
 

Table 6.1 shows the wavefront velocities for each diameter. The specimens with 

20 mm are not analyzed because, in almost all profiles, the fastest guided waves could 

not be detected by the receiver transducer. The tests were conducted in two instants, 

named Test 1 and Test 2. 
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Table 6.1 - Wavefront velocity in isolated rebars 

 
 Test 1 Test 2 

Bar v (m/s) 

8 mm 
1 4700 4700 

2 4623 4700 

10 mm 
1 4780 4700 

2 4623 4476 

12,5 mm 
1 5036 4862 

2 4862 4700 

16 mm 
1 4700 4700 

2 4947 4548 

 

Average 4784 4673 

Standard deviation (m/s) 142 108 

CV (%) 3.0 2.3 

 Global average 4729 

 
Global standard deviation 

(m/s) 
138 

 CV (%) 2.9 

Source: Own elaboration 

 

The average wave velocity is 4729 m/s, with a standard deviation of 138 m/s. The 

maximum value occurred with 12,5 mm, 5036 m/s, and the lowest one occurred with 10 

mm, 4476 m/s. This variation can be justified by the little movement of the transducers 

during the testing, which occurred due to the difficulty in fixing them; the inaccuracy of 

their placement on the bar surface; and the different contact point due to the bar surface 

deformation.  

The results present CV smaller than 3%, which might indicate low variability, 

what, for a first analysis, could indicate a non-dispersive wave. As explained in previous 

chapters, this velocity is much lower than that of longitudinal bulk wave, which is around 

5900 m/s. 

Disregarding the Poisson effect and considering Young modulus of 210 GPa, the 

velocity is 5200 m/s, which is much higher than all values in Table 6.1 and even 10% 

higher than the average. As it is a simplification, the real longitudinal bulk wave velocity 

is between 5200 m/s and 5900 m/s; the bigger the diameter, the closer the velocity to the 
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second value. Thus, the fastest wave detected is not a longitudinal bulk wave and has a 

lower velocity. 

Table 6.2 shows the main frequency in the analysis window for each diameter, 

which begins with the wavefront arrival. This frequency is obtained through Fourier 

transform of the signal. Figure 6.3 presents the frequency spectrum of an 8 mm rebar. 

 
Table 6.2 - Central frequency in time window 

Diameter 

(mm) 

Frequency 

(kHz) 

8 243.90 

10 195.12 

12.5 146.34 

16 97.56 

Source: Own elaboration 

 
Figure 6.3 - Frequency spectrum of 8 mm rebar 

 
Frequency (kHz) 

Source: Own elaboration 

 

Therefore, the higher the diameter the lower the central frequency, which indicates 

a dispersive behavior, such as in Lamb waves. 

The guided wave software were used to obtain the highest velocity for each 

diameter. The input parameters are shown in Table 6.3. 

 
Table 6.3 - Input parameter for guided wave software 

Longitudinal velocity (m/s) 5200 

Shear velocity (m/s) 3190 

Density (kg/m3) 7850 

Poisson 0.29 

Source: Own elaboration 
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At first, it is analyzed the dispersion curves using the software GUIGUW®. Figure 

6.4 presents the dispersion curves for phase and group velocity for all bar diameters. 

 
Figure 6.4 - Dispersion curves of isolated rebars 

 

Torsional 
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Source: Own elaboration 
 

Only the first modes of each kind of wave are captured in the respective frequency, 

which are L(0,1), longitudinal, F(1,1), flexural, and T(0,1), torsional. Additionally, the 

higher the frequency analyzed or the bar diameter, the more wave modes appear in the 

same frequency range.  

Since the maximum velocity is related to the first longitudinal mode for both phase 

and group velocities, the analyses below just consider group velocity and L(0,1) mode. 

Figure 6.5 shows the dispersion curves of L(0,1) obtained by the software 

GUIGUW®, the MATLAB code called PCDisp® and the code developed in Python in 

the present work based on Zemanek (1972). 
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Figure 6.5 - Dispersion curves of L(0,1) 

 

Source: Own elaboration 

 

All curves present close results, mainly PCDisp and Zemanek (1972), which are 

almost overlapped. The curves by GUIGUW® present the lowest value for all diameters, 

despite the minimal difference.  

Table 6.4 presents the velocity values at the respective frequency of each case 

above. 
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Table 6.4 - Wavefront velocity by each software 

Software 8 mm 10 mm 12.5 mm 16 mm CV (%) 

GUIGUW 4334 4334 4471 4712 3.5 

PCDisp 4440 4446 4576 4803 3.2 

Zemanek 

(1972) 
4504 4475 4605 4807 2.8 

Average 4426 4418 4551 4774  

CV 1.6 1.4 1.3 0.9  

Source: Own elaboration 
 

As consequence of the similar behavior between the curves in Figure 6.5, the 

obtained velocities in Table 6.4 have close values, with CVs smaller than 2%. 

Figure 6.4 shows that as the diameter increases, the curves tend to the left, which 

reduces the velocity considering the same frequency. Although, Table 6.2 shows that the 

central frequency decreases as the diameter increases, which, according to Figure 6.4, 

yields velocity increase. Thus, these opposite phenomena in terms of velocity variation 

yield low variability in Table 6.4 considering the same software, with CVs lower than 

4%. 

It can also be visualized when the dispersion curves are plotted in terms of the 

product frequency x diameter (FD), as exhibited in Figure 6.6, where there are the results 

using PCDisp. 

 
Figure 6.6 - Dispersion curves for frequency x diameter 

 

Source: Own elaboration 
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All the acoustoelastic curves coincide. Thus, for the same material, there is only 

one dispersion curve, and the guided wave velocity depends solely on the product of 

frequency and thickness. 

For the case of 8 mm and 10 mm rebars, the FDs are the same. As the FD for 12.5 

mm is close to the above, the corresponding velocity is also close. Conversely, the FD for 

16 mm decreases more significantly compared to 8 mm and 10 mm, resulting in the 

highest velocity. These conclusions are confirmed in Table 6.4. 

Finally, considering the values of Zemanek (1972), minimum of 4475 m/s and 

maximum of 4807 m/s, the difference between these values and the experimental average 

velocity on Table 6.1, 4729 m/s, is 5% and 2%, respectively. This difference may be due 

to the deformation on the bar's surface, as the models and formulations are related to 

perfect rod bars with smooth surface.  

Therefore, as it is observed a dispersion behavior in terms of wave frequency and 

the experimental wave velocity is very close to that of the first mode of the longitudinal 

guided wave, it is concluded that the fastest wave in the present work is the fundamental 

mode of longitudinal guided wave. From now on, in isolated rebars, the first experimental 

wave captured by the transducer is considered to be L(0,1). 

 

6.2 THE FASTEST WAVE IN PRISMS 

A typical wave profile in prisms is exhibited in Figure 6.7. 

 
Figure 6.7 - Typical wave profile in prisms 

 
Source: Own elaboration 
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In Appendix A, the wave velocities in the prisms are shown. In this appendix, the 

velocities not presented are due to failure of the respective prism before the experiment 

finishes. Based on these values, Table 6.5 presents the respective averages. 

 
Table 6.5 - Statistical parameters of wave propagation by diameter 

Diameter 

(mm) 

Average 

(m/s) 
Variance 

Standard deviation 

(m/s) 

Compression 

8 4552 17483 132 

10 4469 21889 148 

12.5 4207 71902 268 

16 3973 107172 327 

Bending 

8 4534 4972 71 

10 4551 25734 160 

12.5 4476 21655 147 

Source: Own elaboration 
 

The velocity tends to decrease as the bar diameter increases. As it will be shown 

later, larger diameters make it more challenging for the receiving transducer to detect the 

fastest guided wave. As the diameter increases, the rebar stiffness also increases, requiring 

more energy to move the rebar for detection by the receiving transducer. Thus, the first 

detected wave arrives later on wave profile. 

Conversely, the smaller the diameter, the lower the variance, what makes the 

results with 8 mm to present the smallest standard deviation and with 16 mm, the highest 

one. It might be explained by the random nature of the cracking phenomenon, which is 

more prevalent in 16 mm rebars. Considering the results with the lowest standard 

deviation, the wave velocity tends to a value around 4500 m/s, which will be used as a 

reference for the experimental results. 

To obtain a reference longitudinal bulk wave velocity for the concrete, some 

experiments were carried out on plain concrete prisms, shown in Table 6.6. This concrete 

has the same mixture as the other reinforced concrete prisms. In total, 9 results were 

obtained by direct measurements in the direction of the largest dimension, 50 cm. Thus, 
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the average velocity is 4549 m/s, which is very close to the results in reinforced concrete 

and is around their upper limit. 

 
Table 6.6 - Velocities in plain concrete prisms 

Measurement 
Velocity 

(m/s) 

1 4544 

2 4563 

3 4578 

4 4494 

5 4528 

6 4540 

7 4525 

8 4586 

9 4581 

Average (m/s) 4549 

Variance 842 

Standard 

deviation (m/s) 
29 

Source: Own elaboration 

 

In the previous analysis, the software PCDisp and the Zemanek (1972) code 

presented the best agreement with the experimental results. Between them, it is only 

possible to model reinforced concrete with PCDisp, thus this software is used to obtain 

the dispersion curves. Besides, as the longitudinal modes present the highest group 

velocities, what also occurs in bars embedded in concrete, the following analyses are 

limited to the dispersion curves of this mode.  

The wave frequency for both bending and compression testing is presented in 

Table 6.7. Unlike the isolated bar case, the frequencies vary in a range among prisms. 
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Table 6.7 - Frequency range for each diameter 

Diameter 

(mm) 

Frequency range 

(kHz) 

8 
243.90 – 195.12 

10 

12.5 
195.12 – 146.34 

16 

Source: Own elaboration 
 

For the modeling in PCDisp, the materials parameters presented in Table 6.8 are 

considered. In this case, the inner radius is always the bar diameter, and the outer radius 

is that value plus the concrete cover. 

 
Table 6.8 - Materials parameters 

 Steel Concrete 

Longitudinal bulk wave 

velocity (m/s) 
5200 4549 

Density (kg/m3) 7850 2400 

Poisson 0.29 0.2 

Source: Own elaboration 
 

Figure 6.8 shows the graphs generated by PCDisp for the 8 mm rebar. These are 

typical longitudinal wave dispersion curves of a bar surrounded by a 3 cm concrete cover. 

The velocity tends to the upper limit as the frequency approaches zero, assuming the value 

of the longitudinal bulk wave velocity in concrete, which is 4549 m/s in this case. This 

value always occurs in L(0,1) mode, while the other modes have their local maximum 

value, slightly smaller than that. 
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Figure 6.8 - Dispersion curves of group velocity of 8 mm 

 

Source: Own elaboration 

 

For each diameter, the maximum local velocity is obtained in the respective 

frequency range shown in Table 6.7. Figure 6.9 shows the fastest waves. 
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Figure 6.9 - Maximum wave velocity in prisms 

 

Source: Own elaboration 
 

All velocities are very close to each other, indicating a constant behavior, with a 

minimum of 4190 m/s for 16 mm and a maximum of 4262 m/s for 8 mm. The maximum 

values occurs in L(0,5) for 8 mm and 10 mm, and L(0,4) for 12.5 mm and 16 mm. 

Therefore, the theoretical average maximum velocity is 4222 m/s, which is 6 % 

smaller than the experimental velocity, considered 4500 m/s. In the case of reinforced 

concrete prims, it is also possible to consider longitudinal guided waves as the first wave 

detected in the receiving transducer. From now on, only this kind of wave will be 

considered in the analyses. 

Some considerations and simplifications may justify the differences between 

theoretical and experimental values: 

1. PCDisp models the reinforced concrete as a bar surrounded by a circular 

concrete cover. In this case, it is considered a composite bar, and the 
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guided wave movement occurs in the entire specimen. In practice, they are 

leaky guided waves. 

2. It is considered 3 cm of concrete cover, but it is variable around the bar 

and there are bigger covers in the direction of the inner part of the prism. 

For example, considering 4 cm cover around 8 mm rebar, the velocity 

increases from 4262 m/s to 4314 m/s, 1.2% of increment. 

3. The wave velocity in concrete is considered that one in a plain concrete 

prism, but it should be that of the concrete around the rebar, what it is 

practically impossible to measure correctly; and 

4. The modeling does not consider the rebar surface deformation. 

 

6.3 BULK WAVES ARRIVAL 

The ultrasonic pulse is emitted in 3D space, propagating in all directions. Due to 

the dissipation phenomenon, the farther the emitted pulse travels, the smaller its energy. 

In this context, the closer to the perpendicular axis of the transducer, the stronger the wave 

energy. Figure 6.10 presents a draft of the energy intensity relative to the wave location. 

 
Figure 6.10 - Wave energy intensity 

 

Source: Own elaboration 

 

Thus, there is an ultrasonic beam wherein the energy can be detected by the 

receiving transducer, while outside this region, the energy can be neglected. It is 

confirmed by Andreucci (2018) and Malhotra and Carino (2004). 
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In this context, the first bulk waves arrive at the transducer through reflections, 

following, in a simplified way, paths 1 and 2 in Figure 6.11. 

 
Figure 6.11 - Paths of first bulk wave reflections 

 
Source: Own elaboration 

 

For path 1, the total distance 𝑙1 is calculated by Equation (6.2). 

ℎ1 = 𝐻 − 2𝑐 − 𝜙 (6.1) 

𝑙1 = 2√ℎ1
2 + (

𝑑

2
)

2

. (6.2) 

Where 𝐻 is the smallest dimension of the prism, 𝑐 is the concrete cover, 𝜙 is the 

bar diameter and 𝑑 is the distance between transducer’s axes. 

The angle 𝜃1 is obtained by Equation (6.3). 

𝜃1 = atan (
ℎ1

𝑙1/2
). (6.3) 

The portion of 𝑙1 in steel is obtained from Equation (6.4), while that in concrete is 

𝑙1𝑐 = 𝑙1 − 𝑙1𝑠. 

𝑙1𝑠 = 2
𝜙

sin(𝜃1)
. (6.4) 

Therefore, the time to travel in path 1 results from Equation (6.5). 

https://www.linguee.com.br/ingles-portugues/traducao/through.html
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𝑡1 =
𝑙1𝑠

𝑉𝑠
+

𝑙1𝑐

𝑉𝑐
. (6.5) 

Where 𝑉𝑠 and 𝑉𝑐 are the bulk wave velocities in steel and concrete, respectively. 

Similarly, the Equations (6.6) – (6.10) are used and the time for path 2 is calculated 

by Equation (6.11). 

ℎ2 = 𝐻 − 𝑐. (6.6) 

𝑙2 = 2√ℎ2
2 + (

𝑑

2
)

2

. (6.7) 

𝜃2 = atan (
ℎ2

𝑙2/2
). (6.8) 

𝑙2𝑠 = 4
𝜙

sin(𝜃2)
. (6.9) 

𝑙2𝑐 = 𝑙2 − 𝑙2𝑠. (6.10) 

𝑡2 =
𝑙2𝑠

𝑉𝑠
+

𝑙2𝑐

𝑉𝑐
. (6.11) 

For using the Equations above, Table 6.9 presents the parameters considered in 

the present work. 

 

Table 6.9 - Parameters for calculating bulk wave arrival time 

𝑯 (cm) 𝒄 (cm) 𝒅 (cm) 𝑽𝒔 (m/s) 𝑽𝒄 (m/s) 

15 2.5 30 5900 4549 

Source: Own elaboration 
 

Based on these values, the times for each diameter are calculated and shown in 

Table 6.10. 
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Table 6.10 - Arrival time of Bulk waves reflection 

Time (μs) 8 mm 10 mm 12.5 mm 16 mm 

𝑡1 75.6 74.7 73.6 71.9 

𝑡2 82.9 82.1 81.2 79.9 

Source: Own elaboration 
 

On the other hand, the first guided wave reflection, at rebar end, is detected by the 

transducer at the times shown in Table 6.11. In this table, the fastest longitudinal mode 

velocities for each diameter, obtained previously, are also presented. 

 

Table 6.11 - Arrival time of first guided wave reflection 

 8 mm 10 mm 12.5 mm 16 mm 

𝑽 (m/s) 4262 4194 4241 4190 

𝒕 (μs) 117 119 118 119 

Source: Own elaboration 

 

Therefore, the first wave captured by the transducers is the longitudinal guided 

wave, which arrives at around 60 μs, a time that corresponds to the wavefront velocity in 

prisms obtained in Section 6.2, while the bulk waves arrive later, at approximately 74 and 

82 μs. Finally, the first reflection of guided waves arrives at around 118 μs. These results 

are important for analyzing the time window to be selected for the acoustoelastic 

assessment. 

 

6.4 HIGHLIGHTS OF CHAPTER 6 

The key information of the chapter is listed here: 

a) In isolated rebars, only the first modes of each kind of guided wave are 

captured, which are L(0,1), longitudinal, F(1,1), flexural, and T(0,1), 

torsional. Moreover, the maximum velocity, and consequently the 

wavefront of all profiles, is related to the first longitudinal mode; 

b) The dispersion curve is a material property, whose velocity only depends 

on the product frequency x thickness. 
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c) In prisms, the fastest waves are also the longitudinal guided waves, L(0,5) 

for 8 mm and 10 mm and L(0,4) for 12.5 mm and 16 mm; 

d) The approximated arrival times are presented in Table 6.10, which 

corresponds to the fastest guided wave (GW), first bulk wave reflection 

(FR), second bulk wave reflection (SR) and first guided wave reflection 

(GR).  

 
Table 6.12 – Waves Arrival times (𝜇𝑠) 

Case GW FR SR GR 

Prisms 

60 

74 82 118 

Isolated 

rebars 
- - - 

Source: Own elaboration 
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7  RESULTS 

This chapter is ordered according to the experiments sequence. Before the main 

acoustoelastic analysis, from Section 7.2, a parametric analysis was carried out to define 

the time window which yields the most sensitivity to acoustoelastic effect. Therefore, the 

results are presented as follows: 

a) Section 7.1 presents a time window parametric analysis; 

b) Section 7.2 presents the results of the isolated rebars under tension; 

c) Section 7.3 presents the results of the prisms under compression; and 

d) Section 7.4 presents the results of the prisms under bending. 

In all cases, for the cross-correlation, the parameters considered are presented in 

Table 7.1. The maximum value of intercorrelation function is over 80%, mostly above 

90%. The very specific cases under this value are explicitly mentioned in the text. 

 
Table 7.1 - Parameters for cross correlation 

Technique Displacement 

Range of displacement (μs) -2 to 2 

Number of increments 500 

Time window size (μs) 20 

Window beginning (μs) 60 

Source: Own elaboration 

 

7.1 PARAMETRIC ANALYSIS OF THE TIME WINDOW 

For a better choice of the time window to proceed with the acoustoelastic study, a 

parametric analysis was performed. For this, the time window size (WS) and its initial 

time (t0) were varied. WS assumed the values of 20, 40 and 60 𝜇𝑠, while t0 assumed the 

values of 60, 80, 120, 180 and 240 𝜇𝑠. Profiles of one prism and one isolated rebar are 

used as reference. 
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7.1.1 Prism 

For the analysis of prisms, the profile of Bar 4/P1/8 mm under compression was 

chosen. Its profile with the considered time windows of WS = 20 𝜇𝑠 is shown in Figure 

7.1. 

 
Figure 7.1 - Wave profile of Bar 4/P1/8 mm with time windows 

 

Source: Own elaboration 
 

Figure 7.2 presents the acoustoelastic curves for different initial times with 

constant time window size. 



112 

 

Figure 7.2 - Parametric analysis – Acoustoelastic curves varying t0 and with WS constant 

 
Source: Own elaboration 

 

The curves corresponding to t0 = 60 and 80 𝜇𝑠 exhibit the lowest variability 

between adjacent measurements. Among them, the result with 60 𝜇𝑠 presents slightly 

higher sensitivity for the acoustoelastic effect. Moreover, they have a well-defined and 

similar behavior with all window sizes. In addition to them, the curve with t0 = 120 𝜇𝑠 

and WS = 60 𝜇𝑠 also had a well-defined behavior from 70 MPa. 

Another necessary analysis is related to the maximum value of the cross-

correlation function (CCmáx), shown in Figure 7.3, whose values are related to the 

corresponding curves in Figure 7.2. It is important to guarantee the maximum similarity 

among the compared waves. 
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Figure 7.3 - Parametric analysis – Maximum value of the cross-correlation function 

 
Source: Own elaboration 

 

CCmáx with t0 from 120 𝜇𝑠 presents high variability and small values, reaching 

values around 0.3 in all curves. Conversely, the best results were obtained with t0 = 60 

𝜇𝑠, slightly better than t0 = 80 𝜇𝑠. 

As the results with t0 = 60 𝜇𝑠 are the best in all cases, a specific analysis is carried 

out varying only the window size. Figure 7.4 shows the acoustoelastic curves and the 

corresponding maximum values of CCmáx. 
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Figure 7.4 - Parametric analysis – Acoustoelastic curves (a) and CCmáx (b) varying WS for t0 = 

60 𝜇𝑠 

 
         (a)                                                                    (b) 

Source: Own elaboration 

 

In terms of window size, there is a tendency of result enhancement the smaller it 

is, which yields best results of WS = 20 𝜇𝑠. With this size, there is a better sensitivity to 

acoustoelasticity and all CCmáx are practically 1, while with other sizes they decrease 

gradually, reaching 0.5. 

Thus, the best time window for the acoustoelastic analysis in prisms has t0 = 60 

𝜇𝑠 and WS = 20 𝜇𝑠. 

7.1.2 Isolated rebar 

For the analysis of isolated rebars, the profile of 10 mm rebar was chosen instead. 

Its profile with the considered time windows of WS = 20 𝜇𝑠 is shown in Figure 7.5. 
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Figure 7.5 - Wave profile of 10 mm with time windows 

 
Source: Own elaboration 

 

Figure 7.6 presents the acoustoelastic curves for different initial times with 

constant time window size. 

Figure 7.6 - Parametric analysis – Acoustoelastic curves varying t0 and with WS constant 

 
Source: Own elaboration 
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Different from prisms, the variability in isolated rebars is minimal, and all 

acoustoelastic curves can be considered linear. Therefore, the main differences among 

curves are the slope and the relative velocity variation between the first and the second 

measurements. 

The difference in slope is more remarkable with WS = 20 𝜇𝑠, where there is a 

tendency of the slope to decrease the higher t0 is. Thus, the best sensitivity is obtained 

with t0 = 60 𝜇𝑠. With other WS, all curves present similar slopes, with exception of t0 = 

240 𝜇𝑠, whose velocity variation was the smallest among curves. Besides, in all cases, t0 

= 60 𝜇𝑠 exhibits the highest variation, which indicates a good sensitivity to 

acoustoelasticity. 

To assess the similarity between profiles, Figure 7.7 presents the values of CCmáx 

of the corresponding curves in Figure 7.6. 

 

Figure 7.7 - Parametric analysis – Maximum value of the cross-correlation function 

 
Source: Own elaboration 
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When compared to prism, CCmáx is much bigger in the isolated rebar and there is 

much less variability. This is because in isolated rebars, only guided waves are generated, 

and the damage is minimal with the stress increase. In prisms, cracking changes with the 

load, which makes the rebar boundary conditions to be different in each load step. 

The smallest values of CCmáx corresponds to the analysis on Coda waves, with t0 

= 180, 240 𝜇𝑠. The other times present a very good CCmáx in all cases, over 0.95. 

Moreover, the highest values correspond to t0 = 60 𝜇𝑠. 

As the results with t0 = 60 𝜇𝑠 are the best in all cases, a specific analysis is carried 

out varying only the window size. Figure 7.8 shows the acoustoelastic curves and the 

corresponding maximum values of CCmáx. 

 
Figure 7.8 - Parametric analysis – Acoustoelastic curves (a) and CCmáx (b) varying WS for t0 = 

60 μs 

 
       (a)                                                                    (b) 

Source: Own elaboration 

 

In terms of acoustoelastic sensitivity, WS = 20 𝜇𝑠 stands out, presenting the 

highest slope, while WS = 40, 60 𝜇𝑠 have identical values. In contrast, despite WS = 20 

𝜇𝑠 to have the smallest CCmáx, they are still big values, over 0.98. 

Therefore, the worst results for analyzing acoustoelasticity were related to time 

window on Coda wave, mainly due to the low similarity between signals, which may 

indicate different waves. For this reason and considering the sensitivity for acoustoelastic 

effect and the highest CCmáx, in the present study, the analyzed time window has WS = 

20 𝜇𝑠 and t0 = 60 𝜇𝑠. The main contribution in this time window is attributed to 

longitudinal guided waves, as shown in Chapter 6. Moreover, as shown in Section 4.7, 
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the literature shows that these waves are much more sensitive to acoustoelastic effect than 

bulk waves. 

Considering this time window, the first bulk wave reflection, which arrives around 

70 𝜇𝑠, contributes to the final wave profile, whereas the second reflection, that arrives 

around 80 𝜇𝑠, does not contribute to it. This conclusion is detailed in Section 6.3 

 

7.2 ISOLATED REBARS UNDER TENSION 

Isolated rebars were submitted to tension tests. One pilot test was conducted in 

rebars of 20 mm, then the main experiments with the diameters of 8, 10, 12.5 and 16 mm 

were carried out in two instants. Due to the high number of curves of isolated rebars, 

solely to improve the clarity of the graphs, the results of the main experiments are 

separated into Test 1 and Test 2.  

7.2.1 Pilot test in specimens with 20 mm 

Figure 7.9 presents the results obtained with 20 mm. 

 
Figure 7.9 – Isolated rebars – 20 mm – Acoustoelastic curves 

 
Source: Own elaboration 

 

Both acoustoelastic curves present a behavior approximately linear, with the 

maximum relative velocity variation of -0.9 % for Bar 1 and -1.1 % for Bar 2. Considering 
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a linear variation, the acoustoelastic coefficients are K = -2.8 x 10-2 GPa-1 and K = -3.9 x 

10-2 GPa-1, respectively. For the obtention of each K, R2 > 0.9. 

There is a significant slope from the first to the second measurement. It might be 

due to an initial accommodation of the transducers on the bar and of the loading 

equipment. If the second measurement is considered as reference, the above parameters 

turn into -0.7% and K = -2.6 x 10-2 GPa-1 for Bar 1 and -0.9% and K = -3.6 x 10-2 GPa-1 

for Bar 2. For the obtention of each K, R2 > 0.92. 

The curve of Bar 1 presents more variability than Bar 2, what can be explained by 

slight displacements of the transducers on the bar during loading. Despite the rubber 

support used to fix the transducers to the rebar, the irregular, small, circular shape of the 

surface and the slippery contact gel make it difficult to keep the transducers stable, what 

may cause displacements. 

 

7.2.2 Experiments with diameters from 8 to 16 mm 

In Test 1, two samples of each diameter were submitted to tension tests until the 

yield limit, but before yielding. Figure 7.10 presents the Ultimate Variation (UV), the 

acoustoelastic coefficient (K) and the respective R2.due to the i 
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Figure 7.10 – Isolated rebars – Test 1 – Acoustoelastic curves 

 
Source: Own elaboration 

 

Table 7.2 summarizes the main characteristics of the curves. 

 
Table 7.2 – Isolated rebars – Test 1 – Acoustoelastic curves features 

Diameter 

(mm) 

UV (%) K (x 10-2 GPa-1) R2 

Bar 1 Bar 2 Bar 1 Bar 2 Bar 1 Bar 2 

8 -1.0 -0.2 -2.3 -0.8 0.51 0.82 

10 -1.0 -1.6 -2.2 -2.4 0.99 0.93 

12.5 -1.1 -1.5 -1.7 -2.5 0.61 0.95 

16 -1.4 -1.0 -2.3 -2.0 0.94 1.00 
Source: Own elaboration 

 

In all cases, the relative velocity variation is negative and there is a linear behavior 

in most of them. The curves present acoustoelastic constants very close, around K = -2.3 

x 10-2 GPa-1, with exception of 8 mm/Bar 2 and 12.5 mm/Bar 1. The ultimate variations 

ranged from -0.2% to -1.6%., with 50% around -1% and 37%, around -1.5%. 
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The biggest variabilities occur in specific parts of the curves: at the beginning, 

with a big slope, and around 350 MPa in the cases of Bar 1 of 8 mm and 12.5 mm. 

Moreover, the initial part of Bar 2 of 8 mm is different from the others, with the only 

positive initial variation. 

These abnormal behaviors can be analyzed by the corresponding wave profiles. 

Figure 7.11 shows the acoustoelastic curves of 8 mm/Bar 2 and 12.5 mm/Bar 1 and their 

respective time window on the right. For both cases, the wave profile in red corresponds 

to the unloaded state, the reference profile. While in the second case, 12.5 mm, the wave 

profile in blue corresponds to stress 𝜎 = 342 MPa, where there is an abnormal behavior 

on the curve. 

 
Figure 7.11 - Wave profile of 8 mm/ Bar 2 and 12.5 mm/Bar 1 

 

 
Source: Own elaboration 

 

In the case of 8 mm, the energy of the refence wave is greater than the others, 

which makes the correlation analysis difficult, because the relative time variation might 

be confused with profile distortion. It may justify the initial positive variation in the 
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acoustoelastic curve, as the first measurement is very different from the rest, whose 

variation is negative and linear. 

The greater amplitude of the reference signal, unstressed state, is attributed to the 

fact that the rebar ends were not tightly fixed as they were during loading application. 

Consequently, as the guided wave propagates through the entire specimen, the surface 

displacement is larger compared to cases with applied stress. This results in more energy 

being received by the transducer. 

In the case of 12.5 mm, different from the previous case, there is a clear 

displacement of both profiles on the time axis. The first measurement, red profile, is 

possibly a result of an initial accommodation of the transducers due to the operation start 

of the experiment system. This accommodation might be influenced by the slippery 

contact surface and the difficulty in fixing the transducers on the bar, what can also justify 

the measurement of the blue profile. 

Because of that, it is important to disregard these specific measurements and 

consider the third one as reference for each acoustoelastic curve, which correspond to 

𝜎 = 50 MPa, as shown in Figure 7.12. 
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Figure 7.12 - Isolated rebars – Test 1 – Curves with the third measurement as reference 

 
Source: Own elaboration 

 

Table 7.3 summarizes the main characteristics of the curves. 

 
Table 7.3 – Isolated rebars – Test 1 – Acoustoelastic curves feature with third measurement as 

reference 

Diameter 

(mm) 

UV (%) K (x 10-2 GPa-1) R2 

Bar 1 Bar 2 Bar 1 Bar 2 Bar 1 Bar 2 

8 -0.8 -0.4 -2.2 -1.0 0.40 0.99 

10 -1.0 -1.0 -2.2 -2.1 0.98 1.00 

12.5 -0.6 -1.0 -1.2 -2.3 0.99 0.99 

16 -0.9 -0.9 -2.0 -2.0 0.99 1.00 
Source: Own elaboration 

 

Therefore, when the third measurement is considered as the reference, the curves 

become entirely linear, as indicated by R2 ≥ 0.98. An exception to this is the curve for 8 

mm/Bar 1, which exhibits anomalous behavior that could not be explained. 

In 12.5 mm, despite the linearity of both curves, the acoustoelastic coefficients are 

very different, K = -1.2 x 10-2 GPa-1 and K = -2.3 x 10-2 GPa-1 for Bar 1 and 2, 
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respectively. The ultimate relative velocity variations are 0.6% and -1%, respectively. In 

contrast, for 10 mm and 16 mm, both curves have great similarity, with K around -2.2 x 

10-2 GPa-1 and a maximum variation around -1%. 

When all results are put together, Figure 7.13 is obtained. In this figure, the 

outliers of 8 mm/Bar 1 are excluded and interpolation is done. Besides, a trendline is 

plotted disregarding 8 mm/Bar 2 and 12.5 mm/Bar 1. 

 
Figure 7.13 - Isolated rebars – Test 1 – Acoustoelastic curves of all diameters 

 
Source: Own elaboration 

 

When 𝜎 ≈ 50 MPa is taken as reference, the ultimate relative velocity variation 

of most curves varies in the range -0.85/-1%. Considering the trendline, the acoustoelastic 

coefficient is K = -2 x 10-2 GPa-1. 

The only exceptions to this are 8 mm/Bar 2 and 12.5 mm/Bar 1, whose 

acoustoelastic coefficient is around -1.0 x 10-2 GPa-1, reaching around -0.5% of ultimate 

variation. 

In Test 2, the two other samples with diameters of 8, 10, 12.5 and 16 mm were 

subjected to tension, whose results are shown in Figure 7.14. 
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Figure 7.14 - Isolated rebars – Test 2 – Acoustoelastic curves 

 
Source: Own elaboration 

 

Table 7.4 summarizes the main characteristics of the curves. 

 
Table 7.4 – Isolated rebars – Test 2 – Acoustoelastic curves feature 

Diameter 

(mm) 

UV (%) K (x 10-2 GPa-1) R2 

Bar 1 Bar 2 Bar 1 Bar 2 Bar 1 Bar 2 

8 -0.6 -0.7 -1.3 -1.2 1.00 0.97 

10 -1.2 -1.4 -2.2 -2.7 1.00 0.99 

12.5 -0.6 -0.7 -1.4 -1.1 0.99 0.96 

16 -2.0 -1.0 -3.4 -2.0 0.86 0.98 

Source: Own elaboration 
 

In the case of 8 mm, both curves have similar behavior, with K around -1.3 x 10-

2 GPa-1. With respect to 10 mm, the curves are similar up to 325 MPa, from where the 

slope of Bar 2 becomes steeper.  
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Regarding 12.5 mm, Bar 1 is entirely linear, with K around -1.4 x 10-2 GPa-1 and 

maximum variation of -0.7%, while Bar 2 presents an unusual positive variation at the 

beginning, with K = -1.1 x 10-2 GPa-1 and final variation of -0.6%. This positive part 

might be justified by small displacements of the transducers. 

The cases of 16 mm present high variability between curves, mostly because of 

the unrealistic increase in slope of Bar 1, around 100 MPa. This phenomenon is the same 

as in 12.5 mm/Bar 1 of Tests 1 (see Figure 7.11), which is related to transducer 

displacement. But in this case, after transducers’ movement, their relative position did not 

return to the original one. 

Considering the third measurement as reference and eliminating the gap in Bar 1 

of 16 mm, Figure 7.15 is obtained. In this figure, all positive results are disregarded. 

 
Figure 7.15 - Isolated rebars – Test 2 – Acoustoelastic curves of all diameters and trendlines 

 

 
Source: Own elaboration 
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There are clearly 2 groups of curves: 

1. Those related to diameters of 8 and 12.5 mm, whose trendline has K = -

1.2 x 10-2 GPa-1 and ultimate variation of -0.6%; and 

2. The group constituted by diameters 10 and 16 mm, whose trendline has K 

= -2.2 x 10-2 GPa-1 and ultimate variation of -1.1%. 

7.2.3 Summarized results of the main experiments – Test 1 and Test 2 

The results in isolated bars are summarized in Figure 7.16 and Figure 7.17, with 

the acoustoelastic curves and the respective trendlines. For this figure, only rebar 20 mm 

were not considered. 

 
Figure 7.16 - Results of Test 1 and Test 2 – 8 and 10 mm 

 

 
Source: Own elaboration 
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Figure 7.17 - Results of Test 1 and Test 2 – 12.5 and 16 mm 

 
Source: Own elaboration 

 

For each diameter, there is one curve that deviates significantly from the trend 

observed in the others. The trendlines were plotted disregarding these outliers. Table 7.5 

presents the disregarded curves. In this context, the diameter of 8 mm has the highest 

variability among all rebars, mostly because it is the smallest diameter, which becomes 

the most difficult surface to fix the transducers. 

 
Table 7.5 - Disregarded curves 

Diameter (mm) Bar 

8 Test 1 – Bar 1 

10 Test 2 – Bar 2 

12.5 Test 1 – Bar 2 

16 Test 2 – Bar 1 

Source: Own elaboration 

 



129 

 

Based on the trendlines, the ultimate relative velocity variation for each diameter 

and the respective acoustoelastic coefficient are obtained, as shown in Table 7.6. 

 

Table 7.6 - Ultimate variation and acoustoelastic coefficient 

Diameter 

(mm) 

Ultimate variation 

(%) 

K                    

(10-2 GPa-1) 

8 -0.50 -1.17 

10 -1.00 -2.13 

12.5 -0.55 -1.26 

16 -0.90 -2.00 

Source: Own elaboration 

 

Therefore, the acoustoelastic coefficient for isolated bars under tension are 

approximately K = -1.2 x 10-2 GPa-1 for the diameters 8 and 12.5 mm, and K = -2.1x 10-

2 GPa-1 for the diameters 10 and 16 mm. Furthermore, all curves are negative and 

approximately linear. 

 

7.3 PRISMS UNDER COMPRESSION 

In this section, the results in prisms under compression are discussed. One pilot 

test was conducted in specimens with rebars of 20 mm, then the main experiments with 

diameters of 8, 10, 12.5 and 16 mm were carried out. Additionally, despite the strain 

variation along the rebars, only the strain at the midpoint is considered in the analyses 

due to the positioning of the strain gauges. 

7.3.1 Pilot test in specimens with 20 mm 

After prism casting, the surface of the openings presented a very thin cement layer 

over the bar, tangentially to it. In P13, after obtaining the first results, this layer was 

removed and the bar surface was exposed, so that the transducers could be in contact only 

with the bar. Figure 7.18 shows the wave profiles for both cases in the same bar. The left 

profile is related to the case with the cement layer, obtained with a voltage of 500 V and 

a signal gain of 1,000x, and the right one is related to the case after its removal, obtained 

with 250 V and 50x. 
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Figure 7.18 – Compression – 20 mm – P13 – Profile before (a) and after (b) cement layer 

removal 

 
                         (a)                                                                  (b) 

Source: Own elaboration 

 

Despite the much higher voltage and signal gain in the first case, the amplitude 

did not exceed 30%, while in the second case, it reached 90%. This occurs because with 

the cement layer, the pulse energy dissipates partially in the concrete before propagating 

into the bar, while in the other case, all the energy goes into the bar before dissipating. 

Due to the high signal gain in the first case, it is not possible to determine the 

wavefront arrival, which is confused with signal noise. In contrast, in the second case, 

this arrival can be easily determined. Therefore, during the prisms casting, it is guaranteed 

that the bar surface is slightly exposed, and during ultrasonic tests, the signal gain of 50x 

is used as the upper limit. 

Figure 7.19 presents the acoustoelastic curves of the cases above. 
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Figure 7.19 – Compression – 20 mm – P13 – Acoustoelastic curves with contact variation 

 
Source: Own elaboration 

 

Due to the low energy in the first case, with cement layer, it was not possible to 

detect the wavefront arrival at 𝑡0 = 60 𝜇𝑠. For this reason, a time window with 𝑡0 =

144 𝜇𝑠 was considered. No tendency is observed in the curve. 

In the other case, On bar, it was possible to capture the longitudinal wave arrival. 

On the curve, after an initial negative variation, there is a linear positive variation between 

10 and 90 MPa. This linear part results in a maximum relative velocity variation of 0.5%, 

which corresponds to K = 6.7 x 10-2 GPa-1. 

Nevertheless, these rebars were submitted to low stress, smaller than 15% of the 

yield stress for the first case and 34% for the second one. These values are even smaller 

than those considered in ABNT NBR 6118:2024 for structures in service conditions. 

Thus, it is necessary to assess the rebars under higher stress. 

In prism P14, the influence of preloads on the acoustoelastic curves is analyzed. 

In this case, only Bar 2 was not assessed due to problems in the corresponding strain 

gauge. Furthermore, only on wave profile of Bar 1, it was possible to identify the 

longitudinal mode arrival. Because of that, in Bars 3 and 4, the wavefront arrival, which 

is a mix of many types of waves and reflections, are 𝑡0 = 96 𝜇𝑠 and 𝑡0 = 99 𝜇𝑠, 

respectively.  

The prism was submitted to 0, 10, 20 and 30 cycles of preloading, wherein the 

maximum load was the same as the test’s. The acoustoelastic curves are presented in 



132 

 

Figure 7.20 for Bars 3 and 4. For each bar, there is the full curve on the left and on the 

right, the first measurement is disregarded, and the second one is considered as reference. 

 

Figure 7.20 – Compression – 20 mm – P14 – Effect of preloading on the curves – Full curves (a 

and c) and the corresponding curves with the first measurement disregarded (b and d) 

 

 
      (a)                                                            (b) 

 
      (c)                                                            (d) 

Source: Own elaboration 

 

In Bar 3, there is a great slope between the first measurement and the second. It 

might be a consequence of a slight accommodation of the transducers, which causes a 

change in the wave travel distance. It happens mainly in the case of 10 cycles, and unlike 

the other curves, it presents a positive initial variation. 

Considering the second measurement as reference, all curves present similar 

behaviors, with a negative and nonlinear initial variation, followed by an almost linear 

and positive trend and finally a nonlinear decay. Moreover, the only different behavior 
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occurs with cycle 0, where there is just the initial part like the others, and almost there is 

no acoustoelastic effect. Despite that, there is a great variability between the curves. 

Finally, there is not a clear tendency of the curves with preloading cycles. 

Nevertheless, the higher the cycle, the greater the positive relative velocity variation, what 

may demonstrate the influence of preloading. 

In Bar 4, cycles 0 and 10 almost present the same slope, while cycles 20 and 30 

differ a lot from those. These last cycles also present less nonlinearity on the first part, 

while the cycle 30 curve is the most linear. Moreover, the maximum relative variation in 

cycle 30 is around 0.8%, and in cycle 20, 0.9%, while in Bar 3, they are 0.3% and 0.5%, 

respectively, which represents a significant variability. Thus, in both cases, the highest 

variations occur with 20 cycles of preloading. 

Figure 7.21 shows the results for Bar 1, where the fastest longitudinal mode could 

be considered. 

 
Figure 7.21 – Compression – 20 mm – P14 – Influence of preload in Bar 1 

 

Source: Own elaboration 

 

The acoustoelastic curves of the cycles 0, 10 and 20 are almost coincident and 

present a maximum positive variation around 0.7%. In contrast, cycle 30 differs 

significantly from the others, with a much bigger initial slope and a great variability from 

100 MPa. This is due to the very small values of the cross-correlation, from 80% to 40%, 

and the abnormal behavior of the intercorrelation function. Figure 7.22 shows the 
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intercorrelation function of Cycle 0 and 30. While in Cycle 0 the functions are very 

regular, in Cycle 30, they are very irregular. 

 
Figure 7.22 – Compression – 20 mm – P14 – Intercorrelation function in Bar 1 

 

Source: Own elaboration 
 

Disregarding cycle 30 in Bar 1 and considering cycle 30 of Bar 4, which is the 

only case apart from Bar 1 where it is possible to analyze the time window with 𝑡0 =

62 𝜇𝑠, Figure 7.23 is obtained. 

 
Figure 7.23 – Compression – 20 mm – P14 – Acoustoelastic curves of Bar 1 and Bar 4 

 

Source: Own elaboration 

 

All curves present similar behavior, with the same maximum positive variation, 

around 0.65%. Moreover, the curve of Bar 4 does not have the initial nonlinear portion 

and is more linear than the others, mostly because it corresponds to cycle 30. 

Thus, it is important to apply preloads in the element before the experiment, as 

well as concluded by Bompan (2021). 
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For prism P15, Figure 7.24 shows the curves of Bar 3, where the contact surface 

is constituted by a concrete layer, and Bar 4, where its surface is exposed. Prism P15 was 

submitted to 20 preloading cycles and the results are compared with cycle 0. It was not 

possible to analyze the time window corresponding to the longitudinal mode, thus 𝑡0 =

80 𝜇𝑠 is considered. 

 
Figure 7.24 – Compression – 20 mm – P15 – Curves of Bar 3 and Bar 4 

 

Source: Own elaboration 
 

In both cases, the preloading makes the curves more linear and reduces variability. 

Only in Bar 4, the cycles eliminated the initial nonlinear portion. Additionally, the largest 

relative velocity variation is observed for Bar 4, where there is the cement layer, reaching 

around 0.9% in 120 MPa, while in Bar 3, exposed, it is 0.15%. 

Finally, the curves of Bar 1 and Bar 2 are presented in Figure 7.25. Both curves 

have very little variation, making it difficult to conclude that this is due to 

acoustoelasticity. 
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Figure 7.25 – Compression – 20 mm – P15 – Curves of Bar 1 and Bar 2 

 

Source: Own elaboration 

 

7.3.2 Experiments with diameters from 8 to 16 mm 

Figure 7.26 shows the acoustoelastic curves of 8 mm rebar. 

 

 

 

 

 

 

 

 

 

 

 

 



137 

 

Figure 7.26 – Compression – 8 mm – Results of prisms P1 to P3 

 

 
Source: Own elaboration 

 

The most convergent results are related to P1. Except for Bar 3, all curves present 

an initial negative variation up to around 40 MPa, reaching -0.3%, after which there is an 

almost linear part with positive variation, presenting similarity until around 160 MPa. The 

only curve that continues the same slope until the end is Bar 4’s, reaching 0.6% at 230 

MPa. Considering the positive portion of this curve, it is obtained K = 4.45 x 10-2 GPa-1 

and the total positive variation, from 𝜎 = 35 MPa to 𝜎 = 228 MPa, is 0.9%. 

In P2, by coincidence, Bar 3 also presents a different behavior from the others, as 

in P1. In the other curves, there is the same behavior as in P1, an initial negative variation, 

reaching between -0.1% and -0.25%, and then a positive one, whose maximum variation 

is 0.25%, much smaller than in P1. However, the only portion of convergence occurs 

between 70 MPa and 120 MPa.  
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A similar behavior is observed in P3, with a maximum relative variation between 

0.2% and 0.65%. Unlike P2, there is no agreement between curves, but they present 

similar slope in the range 70 – 120 MPa. 

At the end portion of the curves above, their slope becomes negative again. This 

phenomenon is also observed in P1, but it is more pronounced in P2 and P3. Figure 7.27 

shows, on the left side, the acoustoelastic curves of P2, the same as above, and, on the 

right side, the corresponding stress variation between load steps. Due to the anomalous 

behavior of Bar 3’s curve, it is not considered here. 

 
Figure 7.27 – Compression – 8 mm – Stress steps in P2 

 
Source: Own elaboration 

 

The stress steps present the highest values at the beginning, at low stress, 

presenting a slight decrease up to 160 MPa. This may justify the non-linear initial part, 

whereas the cracks due to preload accommodate, the rebar tends to absorb more stress. 

This explanation is strengthened by the fact that the experiment is controlled by load steps 

on the prisms instead of rebar stress steps. Moreover, as the stress steps in the case of Bar 

4 are more constant than the others, its initial non-linearity in the acoustoelastic curve is 

smaller. 

From 160 MPa, the stress steps increase significantly. This may happen due to the 

occurrence of new and more important cracks, which leads to a decrease at the end of the 

acoustoelastic curves. The smallest decrease in Bar 1 is due to the smallest stress step 

variation, from ∆𝜎 = 12 MPa to ∆𝜎 = 16 MPa. Conversely, in the cases of Bar 2 and 4, 

varying from 10 MPa to 18 MPa and from 12 MPa to 28 MPa, respectively, a great 

decrease is observed in the acoustoelastic curves, with similar slopes. This decrease 
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begins around 130 MPa, before the variation in the stress step curves, around 160 MPa. 

It indicates that the cracks opening is captured in early stages by the acoustoelastic effect. 

Based on Figure 7.26, a Typical behavior of the acoustoelastic curve of 

longitudinal modes under compression is exhibited in Figure 7.28. It shows the curve of 

Bar 2 of P1. 

 
Figure 7.28 – Typical acoustoelastic curve in compression 

 
Source: Own elaboration 

 

The curve can be divided into 3 regions: 

A. The initial non-linearity due to the opening of the existing cracks, which 

appeared during preload. This portion consists of higher stress steps and 

ranges from 0 MPa to around 50 MPa. 

B. The linear part, with almost constant and small stress steps. It ranges from 

around 50 MPa to approximately 160 MPa. 

C. The last portion corresponds to the opening of new and bigger cracks. It is 

characterized by a negative relative velocity variation, or a plateau, higher 

steps, and starts around 160 MPa. 

The change in the slopes of the acoustoelastic curves, at the beginning and end, 

shows that the longitudinal modes of guided waves are very sensitive to cracking and 

consequently to the boundary conditions of the guide; rebars in this case. 

The acoustoelastic curves of 10 mm are presented in Figure 7.29. 



140 

 

 
Figure 7.29 – Compression – 10 mm – Acoustoelastic curves 

 

 
Source: Own elaboration 

 

In P4, with exception of Bar 2, whose curve has an abnormal behavior, the other 

curves have similar slopes between 50 MPa and 125 MPa. In this range, K = 5 x 10-2 GPa-

1 for Bar 1, 5.1 x 10-2 GPa-1 for Bar 3 and 3.9 x 10-2 GPa-1 for Bar 4. Besides, the maximum 

positive variation occurs with Bar 1, 0.7%, while for Bar 3 and 4, it is around 0.4%. 

In P5, the curves of Bar 1 and 3 shows a great variability, while those of Bar 2 and 

4 present similar slopes between 50 MPa and 130 MPa, whose K = 5.7 x 10-2 GPa-1 and 

6.7 x 10-2 GPa-1, respectively. In addition, the maximum positive variation occurs in the 

case of Bar 2, 0.5%, while in the case of Bar 4, it is 0.2%. Nonetheless, if the entire 

positive slope is considered, the total positive variation of both cases is similar, around 

0.8%. 
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The results with P6 presented the biggest variability. Nevertheless, the curves of 

Bar 1 and 3 have a total positive variation of 0.7%, which is consistent with P5.  

Furthermore, the results of Bar 3 are the best approach of the typical acoustoelastic 

curve presented in Figure 7.28. The unusual behavior of the curves of Bar 1 and 4 may 

be the result of great initial cracks, which lead to very big stress steps, almost 50 MPa. In 

Bar 1, these steps go up to approximately 𝜎 = 120 MPa, and in Bar 4, up to 𝜎 = 50 MPa. 

Finally, Bar 2 of P6 presents the greatest positive slope among the results with 10 

mm rebar, reaching 2% of total positive variation, much bigger than the others. Figure 

7.30 shows the wave profiles of each load step, in the analyzed time window. 

 
Figure 7.30 – Compression – 10 mm – Wave profiles of P6/Bar 2 

 
Source: Own elaboration 

 

The higher the stress on the bar, the smaller the amplitude of the profile. The 

decrease in the profile indicates that as the load increases, more wave energy leaks to the 

concrete, transforming guided waves into bulk waves. These bulk waves will be captured 

later by the transducer, outside the time window of Figure 7.30, and do not contribute to 

the analyzed profile.  

The energy leakage increases as the load increases. This is due to a greater increase 

in the bonding between rebar and concrete compared to the increase in cracking around 

the rebar during the experiment, which results in higher stress at the interface between 

materials. Moreover, as the test ended up at 160 MPa, Part C of the curve does not exist. 
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The amplitude decrease is also observed when one peak on the wave profile is 

compared with stress. For this, the third peak of each measurement of P6/Bar 2 is 

considered, within the range 74 – 78 𝜇𝑠. Figure 7.31 illustrates the chosen time window. 

 
Figure 7.31 - Compression - 10 mm - Analyzed peaks of P6/Bar 2 

 
Source: Own elaboration 

 

Figure 7.32 exhibits the relationship between stress and amplitude on the left side. 

On the right side, the relative amplitude is related to the corresponding relative velocity 

variation with the trendline in red. 

 
Figure 7.32 – Compression – 10 mm – P6/Bar 2 amplitude analysis with stress (a) and relative 

velocity variation (b) 

 
                                    (a)                                                                  (b) 

Source: Own elaboration 
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The leakage phenomenon is confirmed in Figure 7.32(a), whose amplitude 

decreases 40 percentage points in ∆𝜎 = 160 MPa. Moreover, the relative amplitude 

presents a linear variation with the relative velocity variation, presenting a slope of -

1.72%. It means that 10% of decrease in the amplitude leads to 2% of relative velocity 

variation. 

Finally, these analyses are also done for the other rebars of P6, as shown in Figure 

7.33. For the tredline, the results of Bar 3 were neglected due to the abnormal behavior 

compared to the others. 

 
Figure 7.33 – Compression – 10 mm – Acoustoelastic curves of P6 (a), its corresponding 

amplitude analysis with stress (b) and relative velocity variation (c) and trendline related to 

velocity variation (d) 

 
        (a)                                                                 (b) 

 
                                    (c)                                                                  (d) 

Source: Own elaboration 

 

Different from Bar 2, the amplitude of the other rebars does not exhibit a clear 

tendency with stress and present minimal variation. Moreover, the amplitude variation 
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has no direct relation with the corresponding acoustoelastic curve, except with Bar 2, 

whose curves are mirrored. Nonetheless, when the relative velocity variation is compared 

to the corresponding relative amplitude (see Figure 7.33cd), an inversely proportional and 

linear relationship is observed, with a slope of -1.64%. 

The acoustoelastic curves of 12.5 mm rebars are shown in Figure 7.34. In 83% of 

the cases, it was not possible to detect the wavefront arrival of guided wave, and the 

analyzed window begins at 70 𝜇𝑠. As seen in Item 6.3, the first bulk wave reflections 

influence the results. Only in Bar 1 of P8, it was possible to capture wave arrival around 

60 𝜇𝑠, while in Bar 2 of P8, the window starts at 76 𝜇𝑠. 

 
Figure 7.34 – Compression – 12.5 mm – Acoustoelastic curves 

 

 
Source: Own elaboration 
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In P7, Bar 3 presents the most consistent result with the typical curve, with a total 

variation of 0.9%, while Bar 4 is early influenced by the changes in boundary conditions. 

In contrast, as with rebars under tension, Bar 1 and 2 have a negative variation tendency, 

reaching -1.2%. 

Figure 7.35 shows the wave profiles of Bar 1/P7 for each load step, in the analyzed 

time window. 

 
Figure 7.35 – Compression – 12.5 mm – Wave profiles of P7/Bar 1 by load steps 

 
Source: Own elaboration 

 

The profiles amplitudes increase with stress, which is the opposite phenomenon 

of Bar 2 of P6, with rebar of 10 mm, shown in Figure 7.30. In the case of P7, the cracking 

has more influence than the bonding, because as cracking increases, there is less leakage 

of guided waves into concrete, which makes the captured energy higher. The results with 

10 mm and 12.5 mm show that the higher bonding makes the acoustoelastic curve vary 

positively, while cracking, negatively. 

In P8, Bar 4 presents a good approach to Bar 3 and 4 of P7 in terms of total 

variation. Different behavior is shown in the other cases, where there is a long nonlinear 

portion. 

Finally, in P9, Bar 1 and 2 present high positive variation, 1.3%, with a despicable 

non-linear initial behavior. While the curves of Bar 3 and 4 almost do not have any 

tendency. 
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Figure 7.36 presents the results of 16 mm. 

 
Figure 7.36 – Compression – 16 mm – Acoustoelastic curves 

 

 
Source: Own elaboration 

 

In no case, it was possible to detect the guided wave arrival around 60 𝜇𝑠. The 

first waves were captured within a range from 72 𝜇𝑠 to 89 𝜇𝑠, whose window ended up 

at 92 𝜇𝑠 and 109 𝜇𝑠, respectively. As seen in item 6.3, there are too many reflections on 

this window, which makes the analysis of guided waves impossible. 

In the range above, the intercorrelation function yielded low values. Moreover, as 

there is significant influence from bulk wave reflections on the wave profile and the 

cracking level is directly proportional to the rebar diameter, the cracking influence is 
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greater with a 16 mm diameter rebar, and less energy arrives at the rebar. Thus, the higher 

the stress, the lower the signal amplitude. 

Therefore, no conclusion about guided waves can be made with rebars of 16 mm 

diameter. 

7.3.3 Tendency of acoustoelastic curves in compression 

In a real structure, there is practically no additional crack opening under service 

loads, with a cracking pattern that remains approximately constant, disregarding chemical 

deterioration. Therefore, there is an almost constant level of cracking after a certain period 

of use and the acoustoelastic curve of a rebar can be considered linear within the service 

stress range. Furthermore, this curve may be considered as an average of the positive 

curves obtained from the prisms, since they have different cracking degrees, either above 

or below that of the real structure. 

A tendency is observed among the curves in the prisms with 8 and 10 mm rebars, 

as shown in Figure 7.37. This tendency only occurs with these diameters because it was 

possible to capture the guided wave arrival time at 𝑡0 = 60 𝜇𝑠 in all corresponding 

prisms. In this figure, there are the acoustoelastic curves on the left and the respective 

trendline on the right. For the trendline, the final negative slope and the almost vertical 

part of P1/Bar 1 are disregarded. 

 
Figure 7.37 - Representative acoustoelastic curve in compression 

 
Source: Own elaboration 
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The curves have a similar behavior to the typical one shown in Figure 7.28, with 

an initial non-linear portion up to around 50 MPa, then an almost linear part until around 

160 MPa, from which there is a negative slope due to cracking. 

The trendline is obtained through a polynomial curve of order 4 and 𝑅2 = 0.91. It 

has an initial non-linear part with a minimum variation of -0.25% and then a linear 

positive variation with a maximum value of 0.65%. Thus, in the range of 50 – 225 MPa, 

∆𝜎 = 175 MPa, the total relative velocity variation is 0.9%, which corresponds to an 

acoustoelastic coefficient of K = 5.1 x 10-2 GPa-1. 

 

7.4 PRISMS UNDER BENDING 

In this section, the results in prisms under bending are discussed. One pilot test 

was conducted in specimens with rebars of 20 mm, then the main experiments with 

diameters of 8, 10, 12.5 and 16 mm were carried out. 

7.4.1 Pilot test in specimens with 20 mm 

After the compression tests, the same prims were subjected to bending tests, 

except for P13, which failed during the compression tests.  

Figure 7.38 presents the results with P14. Before testing, the prism was submitted 

to 10, 20, and 30 preloading cycles, with ultimate load limited by the visible cracks 

opening. In the figure, 𝑡0 is a mean value among the profiles, whose values vary less than 

5% from the average indicated. An exception to this is cycle 30 of Bar 1 and cycle 20 of 

Bar 3. 
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Figure 7.38 – Bending – 20 mm – P14 – Acoustoelastic curves 

 

 

 
Source: Own elaboration 

 

Based on Figure 7.9, for the isolated 20 mm bars, a linear and negative velocity 

variation was expected; however, this did not occur. There is no tendency in the curves, 

either between cycles or between bars. In some cases, the variation is positive, reaching 

a maximum of 1%, while in others, negative, with a minimum of -1.8%.  

The low applied stress may have contributed for the absence of a tendency, which 

is less than 11% of the yield stress. Thus, it is necessary to evaluate the acoustoelastic 

effect for higher ultimate stress. The load applied was limited because of the low quantity 

of stirrups and the insufficient anchoring of longitudinal rebars, which led to early 

cracking. 
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The results of P15 are shown in Figure 7.39. This prism was submitted to 30 cycles 

of preloading. 

 
Figure 7.39 – Bending – 20 mm – P15 – Acoustoelastic curves 

 

Source: Own elaboration 

 

As verified above, there is no tendency in the curves; Bar 1 presents negative 

variation, while Bar 2 and 4, positive, and Bar 3 practically does not vary. 

A negative variation tendency is observed when analyzing a time window along 

the wave profile of Bar 3, as shown in Figure 7.40 for times 𝑡0 = 63, 77, 124 𝜇𝑠. 

 
Figure 7.40 – Bending – 20 mm – P15 – Results of different time windows in Bar 3 

 
Source: Own elaboration 

 

Figure 7.41 shows the corresponding time windows of the above curves. 
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Figure 7.41 – Bending – 20 mm – P15 – Time windows on the profile of Bar 3 

 
Source: Own elaboration 

 

The time window 𝑡0 = 63 𝜇𝑠 corresponds to a wave velocity of 4476 m/s, which 

is compatible with the longitudinal mode of guided waves. While 𝑡0 = 77 𝜇𝑠 results in a 

velocity of 3662 m/s, which is approximately the shear bulk wave velocity and also 

corresponds to the arrival of the first longitudinal bulk wave reflection (see Section 6.4). 

Finally, 𝑡0 = 124 𝜇𝑠, which is around the first guided wave reflection arrival, 

corresponds to 2274 m/s. Therefore, these time windows indicate a superposition of 

different waves and reflections, making it impossible to determine the main wave within 

them. 

Figure 7.42 shows the wave profile of P15/Bar 3, with rebar surface exposed, and 

P15/Bar 2, with the contact surface constituted by a cement layer. For Bar 3, a voltage of 

350 V and a signal gain of 50x were used, and for Bar 2, 500 V and 500x. 

 
Figure 7.42 – Bending – 20 mm – P15 – Wave profiles of Bar 3 (a) and 2 (b) 

 
        (a)                                                                 (b) 

Source: Own elaboration 
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As was observed in compression, it is much easier to obtain the wave profile when 

the surface rebar is exposed. Even using a signal gain 10 times higher and a voltage almost 

50% bigger, the energy in Bar 2 is lower than in Bar 3. Additionally, because of the high 

signal gain in Bar 2, there is a lot of signal noise at the beginning of the profile, which is 

mixed with the wavefront arrival. 

7.4.2 Experiments with diameters from 8 to 16 mm 

The results of the prisms with 8 mm are presented in Figure 7.43. 

 
Figure 7.43 – Bending – 8 mm – Acoustoelastic curves 

 

 
Source: Own elaboration 

 

Some curves present positive variation, while others show negative variations. 

Most of them consist of long parts with negligible variation, as seen in P1/Bar 1, P2/Bar 
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3 and P3/Bar 1. This behavior differs from what was expected: a pattern similar to that of 

isolated rebars under tension, shown in Item 7.2, with a linear negative variation. 

The highest variations occur in the curves with negative variation, reaching around 

-0.9%, in the case of P3/Bar 4, whereas the curves with positive variation reach less than 

0.3%, such as P2/Bar 2. 

Figure 7.44 shows the acoustoelastic curves of 10 mm rebar. 

 
Figure 7.44 – Bending – 10 mm – Acoustoelastic curves 

 

 
Source: Own elaboration 

 

As in the previous case with 8 mm rebars, there is no tendency between results. 

However, here, the highest variations are positive, such as in P5/Bar 4, 1.4%, and in 

P6/Bar 2, 1.9%. 
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Considering the cases with the highest negative and positive variation, P3/Bar 4 

(8 mm) and P6/Bar 2 (10 mm), respectively, Figure 7.45 is obtained, showing the wave 

profiles of each load step. 

 
Figure 7.45 – Bending – Wave profiles of 8mm/P3/Bar 4 (a) with the corresponding magnified 

signal (b) and wave profiles of 10mm/P6/Bar 2 (c) 

 

 
   (a)                                                                 (b) 

 
(c) 

Source: Own elaboration 
 

As seen in compression, the change in signal amplitude influences the 

acoustoelastic response. In P3/Bar 4 (8 mm), the increase in amplitude, due to cracking, 

results in a negative variation in the acoustoelastic curve, while in P6/Bar 2 (10 mm), the 

reduction in amplitude results in a positive variation due to bonding. 

Finally, the curves of prisms with 12.5 mm rebars are presented in Figure 7.46. 
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Figure 7.46 – Bending – 12.5 mm – Acoustoelastic curves 

 

 
Source: Own elaboration 

 

Following the same conclusions above, no tendency is observed in the case of 

12.5 mm, presenting a maximum variation of 0.9% and a minimum of -0.8%. And 

different from the corresponding results in compression, in most cases, it was possible to 

detect waves from 60 𝜇𝑠 and consequently to capture the guided wave wavefront arrival. 

7.4.3 Tendency of acoustoelastic curves in bending 

Unlike the compressive cases, where only 11% of the curves presented the main 

variation negative, in bending, the proportion of positive and negative variation is similar. 

Furthermore, a tendency is observed among the negative curves, as shown in Figure 7.47, 

where the acoustoelastic curves are on the left and the respective trendline is on the right. 
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Figure 7.47 – Bending – Representative acoustoelastic curve in bending 

 
Source: Own elaboration 

 

The acoustoelastic curve of P3/Bar 4 presents a similar behavior to the others up 

to 100 MPa, after which it continues linear until the end. Because of that, it is disregarded 

for the trendline, which is polynomial of order 3 and has 𝑅2 = 0.89. This curve is entirely 

non-linear, and its maximum relative velocity variation is around -0.55%. 

If these results are compared to those with isolated bars under tension, considering 

as reference the measurement corresponding to 50 MPa, Figure 7.48 is obtained. For this, 

despite the similarity between the results in isolated bars (IB) in Test 1 and 2, and to 

enhance figure clarity, only the first set is used. 

 
Figure 7.48 - Comparison between isolated rebars and prims under bending 

 
Source: Own elaboration 
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The increasing cracking around Bar 4 of P3 makes its curve resemble most IB’s, 

with minimum variation around -0.5% with ∆𝜎 ≈ 200 MPa. While the trendline has the 

same behavior up to 100 MPa, beyond this point, it presents a non-linearity due to the 

influence of the surrounding concrete and tends towards the curves of IB with the lowest 

variation, reaching -0.2% in ∆𝜎 ≈ 200 MPa. 
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8 CONCLUSION 

In the present study, acoustoelasticity was evaluated using guided waves in both 

isolated rebars and the rebars embedded in reinforced concrete prisms measuring 15 × 15 

× 50 cm³. Ultrasound with a central frequency of 250 kHz was applied during tension 

tests on isolated bars and compression and bending tests on prisms. The analyzed 

diameters were 8, 10, 12.5, 16, and 20 mm. 

For the analyses, only the longitudinal mode was used because it is the fastest 

wave at the analyzed frequency range. In isolated bars, only the first modes were 

captured: L(0,1), longitudinal, F(1,1), flexural, and T(0,1), torsional. Additionally, the 

higher the product of frequency and diameter, the more wave modes appear within the 

same frequency range. In this case, the maximum velocity is related to the first 

longitudinal mode, L(0,1). In the prisms, with embedded rebars, although the fastest mode 

is the longitudinal one, the fastest order varied with the rebar diameter. 

As the diameter increases, the guided wave velocity tends to decrease; however, 

the wave frequency decreases, which leads to an increase in velocity. Thus, the velocity 

remains approximately constant across different diameters. Despite this, in prisms, the 

velocity tends to slightly decrease as the bar diameter increases. This is because larger 

diameters make it more challenging for the receiving transducer to detect the fastest 

guided wave. Consequently, the first detected wave arrives later on the wave profile. This 

effect is observed in prisms with diameters starting from 12.5 mm. 

Moreover, the smaller the diameter, the lower the variance of the guided wave 

velocity, which results in measurements for 8 mm showing the smallest variability, while 

those for 16 mm exhibit the highest. This might be explained by the random nature of the 

cracking phenomenon, which is more prevalent with 16 mm bars. 

As reference values for velocity, 4729 m/s is applicable to isolated rebars, and 

4500 m/s applies to embedded bars with a 3 cm concrete cover. These values are valid 

for all diameters. 

In the analysis of different time windows on wave profiles, the worst results for 

analyzing acoustoelasticity were related to time window on Coda wave, mainly due to the 
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low similarity between signals, which may indicate different waves. While the best results 

were obtained with window size of 20 𝜇𝑠 and window initial time of 60 𝜇𝑠, where the 

main contribution is attributed to longitudinal guided waves. 

In the case of isolated rebars under tension, there were some outliers in the 

acoustoelastic curves caused by an abnormal displacement of wave profile on the time 

axis, mainly the second measurements. These points are possibly a result of an initial 

accommodation of the transducers due to the start-up of the experiment system. 

Additionally, this might be influenced by the slippery contact surface and the difficulty 

in fixing the transducers on the bar. For this reason, it is important to disregard these 

outliers and consider the measurements with 𝜎 = 50 MPa as the reference for the 

acoustoelastic analysis. 

In isolated bars under tension, the relative velocity variation is negative, and there 

is a linear behavior in most of them. Therefore, the acoustoelastic coefficient is K = -1.2 

x 10-2 GPa-1 for diameters of 8 and 12.5 mm, and K = -2.1x 10-2 GPa-1 for diameters of 

10 and 16 mm. 

In prisms under compression, the elements were submitted to 0, 10, 20 and 30 

cycles of preloading, wherein the maximum load was the same as the test’s. There is no 

clear tendency in the curves with preloading cycles. Nevertheless, the higher the cycle, 

the greater the positive relative velocity variation, which may demonstrate the influence 

of preloading. Thus, applying 20 cycles of preloading or more is recommended to make 

the curves more linear and reduce variability. 

A typical acoustoelastic curve of longitudinal modes in rebars under compression 

can be divided into 3 regions: 

A. An initial non-linearity due to the opening of the existing cracks, which 

appeared during preload. This portion consists of higher stress steps and 

ranges from 0 MPa to around 50 MPa. 

B. A linear and positive part, with almost constant and small stress steps. It 

ranges from around 50 MPa to approximately 160 MPa. 

C. The last portion corresponds to the opening of new and bigger cracks. It is 

characterized by a negative relative velocity variation, or a plateau, higher 

stress steps, and starts around 160 MPa. 
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The change in the slopes of the acoustoelastic curves, at the beginning and end, 

shows that the longitudinal modes of guided waves are very sensitive to cracking and, 

consequently, to the boundary conditions of the guide; rebars in this case. 

In some cases, both in compression and bending, there is a gradual change in the 

amplitude of the signal, either a decrease or an increase, which can significantly increase 

the slope of the acoustoelastic curve. 

On one hand, the higher the stress on the bar, the smaller the amplitude of the 

profile, which increases the curve’s slope positively. The decrease in the amplitude 

indicates that as the load increases, more wave energy leaks to the concrete, transforming 

guided waves into bulk waves. These bulk waves will be captured later by the transducer, 

outside the analyzed time window, and do not contribute to the analyzed profile. This 

may be due to the greater influence of bonding of the rebar compared to cracking during 

the experiment, which results in higher stress at the interface between materials 

On the other hand, the higher the stress on the bar, the bigger the amplitude of the 

profile, which increases the curve’s slope negatively. In this case, the cracking may have 

more influence than the bonding, because as cracking increases, there is less leakage of 

guided waves into concrete, which results in higher captured energy. 

In this context, bonding makes the acoustoelastic curve to vary positively, while 

cracking, negatively. 

There is an inversely proportional and linear relationship between the relative 

velocity variation and the corresponding relative amplitude, considering the third peak of 

the signal on the analyzed time window in this study. 

There is great variability among the curves in compression; however, a tendency 

is observed in the prisms with 8 and 10 mm rebars. The trendline is obtained through a 

polynomial curve of order 4 and 𝑅2 = 0.91. It has an initial non-linear part with a 

minimum variation of -0.25%, followed by a linear positive variation with a maximum 

value of 0.65%. Thus, in the range of 50 – 225 MPa, ∆𝜎 = 175 MPa, the total relative 

velocity variation is 0.9%, which corresponds to an acoustoelastic coefficient of K = 5.1 

x 10-2 GPa-1. 
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In prisms under bending, unlike the compressive cases, where only 11% of the 

curves presented the main variation negative, the proportion of positive and negative 

variation is similar. Furthermore, a tendency is observed among the negative curves, 

whose trendline is polynomial of order 3 and has 𝑅2 = 0.89. In addition, it is entirely non-

linear, and its maximum relative velocity variation is around -0.55%. 

If the trendline in bending is compared to the results with isolated bars under 

tension, considering as reference the measurement corresponding to 50 MPa, it is found 

that the trendline has the same behavior up to 100 MPa, beyond this point, it presents a 

non-linearity due to the influence of the surrounding concrete and tends towards the 

lowest variation curves of isolated bars, reaching -0.2% in ∆𝜎 ≈ 200 MPa. 

Finally, the initial hypothesis that it would be possible to isolate the acoustoelastic 

effect of the embedded rebars by applying the transducers directly on the rebar surface 

was not confirmed. It was not possible to eliminate the influence of the surrounding 

concrete, as the guided waves are highly sensitive to the boundary conditions.  

Despite the trends observed in embedded rebars under compression and tension, 

there was significant variability in the results due to the influence of the concrete. As a 

result, it was not possible to define reference acoustoelastic curves for use in real 

structures. 
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APPENDIX A - Wave velocities in prisms 

 

   Compression Bending 

Diameter 

(mm) 
Prism 

Strain 

gauge 

Wave velocity                                       

(m/s) 

8 

P1 

1 4338 4476 

2 4406 4406 

3 4700 4661 

4 4780 4548 

P2 

1 4548 4623 

2 4661 4548 

3 4512 4476 

4 4623 4476 

P3 

1 4548 4548 

2 4338 4585 

3 4623 4585 

4 4548 4476 

10 

P4 

1 4623 4585 

2 4406 4512 

3 4273 4548 

4 4273 4512 

P5 

1 4476 4862 

2 4406 4476 

3 4273 4273 

4 4548 4661 

P6 

1 4780 4780 

2 4548 4548 

3 4476 4305 

4 4548 4548 

12.5 
P7 

1 4780 4623 

2 3890 4476 

3 4147 4372 

4 4087 4780 

P8 1 4585 4441 
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2 4548 4273 

3 4209 4441 

4 4087 4406 

P9 

1 4029 --- 

2 4058 --- 

3 4147 --- 

4 3917 --- 

   Compression Bending 

Diameter 

(mm) 
Prism 

Strain 

gauge 

Wave velocity                                       

(m/s) 

16 

P10 

1 3241 --- 

2 3972 --- 

3 3615 --- 

4 --- --- 

P11 

1 4548 --- 

2 4406 --- 

3 --- --- 

4 4029 --- 

P12 

1 --- --- 

2 3760 --- 

3 --- --- 

4 4209 --- 
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APPENDIX B - Sieve test results 

 

Fine sand 

1st test 

Sieve opening 

diameter 

(μm) 

Retained 

(g) 

Retained 

(%) 

Accumulated 

(%) 

4750 0 0 0 

2360 0.26 0.05 0.05 

1180 0.68 0.13 0.19 

600 1.90 0.38 0.56 

300 58.45 11.56 12.12 

150 330.30 65.34 77.46 

Base 113.95 22.54 100 

Total 505.54 100   

2nd test 

4750 0.00 0.00 0.00 

2360 0.05 0.01 0.01 

1180 0.78 0.16 0.17 

600 1.92 0.38 0.55 

300 61.63 12.28 12.83 

150 328.17 65.41 78.25 

Base 109.14 21.75 100 

Total 501.69 100   

Average values 

4750 0.00 0.00 0.00 

2360 0.16 0.03 0.03 

1180 0.73 0.14 0.18 

600 1.91 0.38 0.55 

300 60.04 11.92 12.48 

150 329.24 65.37 77.85 

Base 111.55 22.15 100 

Total 503.62 100   
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Medium-size sand 

1st test 

Sieve opening 

diameter 

(μm) 

Retained 

(g) 

Retained 

(%) 

Accumulated 

(%) 

4750 0.00 0.00 0.00 

2360 0.73 0.15 0.15 

1180 1.26 0.25 0.40 

600 22.62 4.52 4.92 

300 266.36 53.28 58.21 

150 177.80 35.57 93.77 

Base 31.12 6.23 100 

Total 499.89 100  

2nd test 

4750 0.00 0.00 0.00 

2360 0.50 0.10 0.10 

1180 1.22 0.24 0.34 

600 24.18 4.83 5.17 

300 253.42 50.59 55.76 

150 189.08 37.75 93.50 

Base 32.54 6.50 100 

Total 500.94 100  

Average values 

4750 0.00 0.00 0.00 

2360 0.62 0.12 0.12 

1180 1.24 0.25 0.37 

600 23.40 4.68 5.05 

300 259.89 51.94 56.98 

150 183.44 36.66 93.64 

Base 31.83 6.36 100 

Total 500.42 100  
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Coarse aggregate 

1st test 

Sieve opening 

diameter 

(mm) 

Retained 

(g) 

Retained 

(%) 

Accumulated 

(%) 

19.00 0 0 0 

12.50 79.08 3.93 3.93 

9.50 1,174.42 58.40 62.33 

6.30 746.50 37.12 99.45 

4.75 10.96 0.55 100 

Base 0 0 0 

Total 2,010.96 100  

2nd test 

19.00 0 0 0 

12.50 101.46 5.05 5.05 

9.50 1,170.61 58.30 63.35 

6.30 721.50 35.93 99.29 

4.75 14.28 0.71 100 

Base 0 0 0 

Total 2,007.85 100  

Average values 

19.00 0 0 0 

12.50 90.27 4.49 4.49 

9.50 1,172.52 58.35 62.84 

6.30 734.00 36.53 99.37 

4.75 12.62 0.63 100 

Base 0 0 0 

Total 2,009.41 100  
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APPENDIX C – Papers by research 

 

PERIÓDICOS 

CAPES 
FIELDS OF FILLING  

Research 
Date of 

search 

“Qualquer campo 

contém” 

“Título 

contém” 
Papers 

1 9/18/23 
Lamb wave; 

Reinforced concrete 
 Chen et al. (2021) 

2 9/18/23 

Lamb wave; 

dispersion curve; 

steel bar 

 Zima (2019) and Zhu 

et al. (2019) 

3 10/3/23 reinforced concrete acoustoelastic 
Lillamand et al. 

(2010) 

4 10/6/23 

Lamb OR Rayleigh 

OR Guided; 

acoustoelastic 

 

Dodson and Inman 

(2014), Gandhi, 

Michaels and Lee 

(2012), Kubrusly, 

Braga and Weid 

(2016), Pei and Bond 

(2016b), Pei and 

Bond (2017a), 

Mohabuth and 

Kotousov (2019) and 

Shi et al. (2023) 

5 10/6/23 

Lamb; reinforced 

concrete; 

acoustoelastic 

 0 

6 10/16/23 
Lamb; dispersion 

curve; cylinder 
 

Zemanek (1972), 

Kley et al. (1999), 

Gunawan and Hirose 

(2005), Gravenkamp, 

Birk and Song 

(2014), Laurent et al. 

(2015), Hussain, 

Ahmad and Ozair 

(2017), Gadzhibekov 

and Ilyashenko 

(2021) 
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7 10/26/23 
pochhammer; 

dispersion; cylinder 
 

Yamakawa and 

Murakami (1997), 

Mazúch (2003), 

Ahmad (2004), 

Puckett and Peterson 

(2005), Treyssède 

(2007) and Brizard 

and Jacquelin (2022) 

8 12/14/23 

disperse; software; 

concrete; guided 

wave 

 0 

WEB OF SCIENCE “All fields” “Title” Papers 

1 10/5/23 

lamb wave steel bar 

and ultrasonic or 

ultrasonic 

 

Jung et al. (2000), Na, 

Kundu and Ehsani 

(2002), Mustapha et 

al. (2014), Li et al. 

(2017), Garcia 

(2017), Zhang et al. 

(2018) and Majhi et 

al. (2021) 

2 10/6/23  Lamb AND 

acoustoelastic 

Delsanto et al. (1999), 

Gandhi et al. (2011), 

Pei and Bond (2015), 

Pei and Bond 

(2016a), Pei and 

Bond (2017b) and Li 

and Shi (2022) 

3 10/6/23 
Reinfored concrete 

AND Lamb 
acoustoelastic 0 

4 10/17/23 
Reinfored concrete 

AND Lamb 
acoustoelastic 0 

5 11/6/23 
Pochhamer AND 

dispersion curve 
rod Saravanan (2020) 

6 12/14/23 

disperse AND 

concrete AND 

guided wave AND 

software 

 0 

SCIENCE DIRECT 
“Find articles with 

these terms” 

“Title, abstract 

or author-

specified 

keywords” 

Papers 
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1 10/5/22 

lamb and wave and 

steel and bar and 

ultrasonic 

 reinforced and 

concrete 

Kundu et al. (1999), 

Villain et al. (2012), 

Lu et al. (2013), Scott 

(2013), Ohtsu (2016), 

Rajeshwara, Banerjee 

and Lu (2017), 

Rodríguez-Roblero et 

al. (2019), Ke et al. 

(2019), Zima and 

Kędra (2019), Li et 

al. (2021) and  

Mahbaz, Cascante 

and Dusseault (2021) 

2 10/5/22 

lamb and wave and 

steel and bar and 

ultrasonic and 

concrete 

steel guided 

wave 

Guo, Zhang and 

Zhang (2012), 

Mazzotti et al. (2013), 

Zima and Rucka 

(2017b), Xu et al. 

(2017), Zima and 

Rucka (2018), 

Wojtczak and Rucka 

(2021) and Wojtczak 

and Rucka (2022) 

3 10/5/22 reinforced concrete 

acoustoelastic 

OR 

acoustoelasticity 

Zhu et al. (2021) 

4 10/6/23 

reinforced concrete 

AND lamb AND 

acoustoelastic 

 Gorgin, Luo and Wu 

(2020) 

5 11/6/23 

pochhammer AND 

dispersion curve 

AND rod 

 Brizard, Jacquelin and 

Ronel (2019) 

6 11/13/23 

pochhammer AND 

dispersion curve 

AND cylinder 

 
Kari (2002), 

Elmaimouni et al. 

(2005), Honarvar, 

Enjilela and Sinclair 

(2009), Shatalov, 

Every and Yenwong-

Fai (2009), Wang et 

al. (2009), Every, 

Shatalov and 

Yenwong-Fai (2010), 

Seco et al. (2011), 

Liu, Tang and Xu 

pochhammer AND 

dispersion curve 

AND cylinder 

pochhammer 

AND dispersion 

curve AND 

cylinder 

pochhammer AND 

dispersion curve 

AND cylinder 

pochhammer 

AND cylinder 

AND Guided 

wave 
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pochhammer AND 

cylinder AND 

dispersion curve 

AND guided wave 

 

(2012), Höhne, Prager 

and Gravenkamp 

(2015), Farhidzadeh 

and Salamone (2015), 

Zima and Rucka 

(2017a), Barr, Rigby 

and Clayton (2020), 

Liao and Qiao (2023) 

and Cui, Liu and 

Maghoul (2023) 

7 12/14/23 

disperse AND 

software AND 

reinforced concrete 

AND guided wave 

AND dispersion 

curve 

 

Sharma and 

Mukherjee (2014), 

Sun and Zhu (2020), 

Aseem and Ng 

(2021), Sharma et al. 

(2021) and Aseem 

and Ng (2023) 

SCOPUS “All fields” 

“Article title, 

Abstract, 

Keywords” 

Papers 

1 10/3/23 reinforced concrete acoustoelastic 

Chen and 

Wissawapaisal 

(2002), Rizzo and 

Lanza (2002), Scalea, 

Rizzo and Seible 

(2003), Hughes et al. 

(2018), Yang et al. 

(2019), Gondim and 

Haach (2021), 

Villares, Ayala and 

Kubrusly (2021) and 

Ng et al. (2022) 

2 10/6/23  Lamb AND 

Acoustoelastic 
Hong-Ye et al. (2020) 

3 10/6/23  

Lamb and 

reinforced 

concrete and 

acoustoelastic 
0 

Lamb and 

reinforced 

concrete and 

acoustoelasticity 

4 11/16/23  Lamb and 

reinforced 
0 
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concrete and 

acoustoelastic 

Lamb and 

reinforced 

concrete and 

acoustoelasticity 
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APPENDIX D – Formulas of 𝑃𝑖 

 

𝑃6 = (𝐴1323
2 − 𝐴1313𝐴2323)𝐴3333 (0.1) 

𝑃4 = 𝐴1233
2 𝐴1313 + 𝐴1313𝐴1323

2 − 2𝐴1133𝐴1323𝐴1332

− 2𝐴1323𝐴1331𝐴1332 + 𝐴1313𝐴1332
2

+ 2𝐴1233(−𝐴1323(𝐴1133 + 𝐴1331) + 𝐴1313𝐴1332)

+ 𝐴1133
2 𝐴2323 − 𝐴1313

2 𝐴2323 + 2𝐴1133𝐴1331𝐴2323

+ 𝐴1331
2 𝐴2323

− (𝐴1212𝐴1313 − 2𝐴1112𝐴1323 + 𝐴1111𝐴2323)𝐴3333

+ 𝑐2𝜌(−𝐴1323
2 + 𝐴1313𝐴2323 + (𝐴1313 + 𝐴2323)𝐴3333) 

(0.2) 

𝑃2 = 𝐴1133
2 𝐴1212 + 𝐴1111𝐴1233

2 − 𝐴1212𝐴1313
2 + 2𝐴1112𝐴1313𝐴1323

− 2𝐴1112𝐴1233𝐴1331 + 𝐴1212𝐴1331
2 + 2𝐴1111𝐴1233𝐴1332

− 2𝐴1112𝐴1331𝐴1332 + 𝐴1111𝐴1332
2

− 2𝐴1133(−𝐴1212𝐴1331 + 𝐴1112(𝐴1233 + 𝐴1332))

− 𝐴1111𝐴1313𝐴2323 + (𝐴1112
2 − 𝐴1111𝐴1212)𝐴3333

− 𝑐4𝜌2(𝐴1313 + 𝐴2323 + 𝐴3333)

+ 𝑐2𝜌(−2𝐴1112𝐴1323 − (𝐴1133 + 𝐴1331)2

− (𝐴1233 + 𝐴1332)2 + 𝐴1313(𝐴1212 + 𝐴1313 + 𝐴2323)

+ 𝐴1212𝐴3333 + 𝐴1111(𝐴2323 + 𝐴3333)) 

(0.3) 

𝑃0 = (−𝐴1112
2 + (𝑐2𝜌 − 𝐴1111)(𝑐2𝜌 − 𝐴1212))(𝑐2𝜌 − 𝐴1313) 

(0.4) 

 



 

 

 


